Digital communications

Chapter 3
Linear sampling receiver
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Topics covered

Linear sampling receiver(Sec. 3.1)
Matched filter (Sec. 3.2.2)

Signal space et Gram-Schmidt process (Sec. 3.1
and course notes)

Error probability, MAP & ML receivers
(Sec. 3.2, appendix B, course notes)

OOK and antipodal Modulation (Sec. 3.2)
Intersymbol interference (Sec. 3.3, 3.4.1, 3.4.2)
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Sampling receiver

Module 2

A(t) B
| =T
(1 % | filtre iz
) rO 1" ) z(n)

décision
Z(T)zj/

e e e e e e e e e e e . —

Transmitted signal s,(¢) or s,(¢)

AWGN noise a0

Received signal  r(¢)=s,(¢)+7(¢)
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Filtering and sampling

I .
1S I

. || filtre décision .
"(t)% W [Ty oy 2Tz m:
I

Fiter - -"—f7"=77"7"77"77—7—~—
frequency response H(f)
impulse response A(¢)

Filter output
z(t) =r(t)*h(t)=s,(t)*h(t)+n(t)*h(t)
= da, (t) +n (t)
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Test statistic

| .
S (f)% f:tt)

After sampling
2(T)=a,(T)+n(T)
Test statistic

Detection

décision
Z(T)zy

comparison of the test statistic with a threshold vy

decision or estimate of the data 71
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Test statistic

Part that comes from the signal
a,(T)=s,(t)*h(1) _,

al(T):SI(t)*h(t)t:T

deterministic : @,(7) ouq,(T) (two numbers)

Part that comes from the noise

n(T)=#(t)*h(1)|_,

n (t) is a random Gaussian process

n (t) * N (t) 1s a random Gaussian process

n(7T) 1s a Gaussian random variable
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Noise

Density of sampled noise
| A
2 2
——e 7 4 N(0,07)
Gaussian of zero mean and variance o2

Density of the test statistic
2(T)=a,(1)+n(1)  2(T)~n(a(T).0°)

The sum of a Gaussian random variable and a constant is a
Gaussian random variable with a shifted mean.
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Vocabulary/notation

Samples
n for n(7)
z for z(7)
a; for a(7)

Conditional density
p.(zi sent) test statistic when the data
pZ(Z‘O) etpz(z‘l) for example

i was sent
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Vocabulary/notation

Conditional probability

Pr ( S, Z) is the probability that the data

sent was "i" given the test statistic is z
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Conditional densities

Density of z(7) if "0" was sent
pz(z‘O):p(zzao +n)=pn(n=2—a0)

| G

= e
2o

Density of z(7) if "1" was sent

D. (z‘l) =p, (z:a1+n)=pn (nzz—al)

o e—(z—al% 2

- 2ro
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Digital communications

Chapter 3
Bayes Law
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Bayes Law

Recall of this result in probability theory
p(B)p(4|B)=p(B|4)p(4)

In our application
Z) _ p(Z‘Si)p(Si)
p(2)

p(Si
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Bayes Law

"a priori" information
p(Sl.) is the probability that s, is sent

does not depend on the method of
transmission or reception - it is a feature of the
data

not always known

Module 2 GEL7014
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“a posteriori” Probability

The “a posteriori” probability

The probability Prob(s,|z) that the data " i " was
sent given that we measured the test statistic =z

Direct function of our receiver

Module 2 GEL7014
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Vocabulary

1 ~(z-a)’ ,
D. (z‘l)z mae 4

conditional probability
or LIKELIHOOD a priori probability

_p(els)e(s)
-_ p(z)

a posteriori probability
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MAP rule

Maximizes “a posteriori” probability
A receiver that chooses the data that maximizes
probability after an observation is called a "MAP
receiver"
p(slz)
Choose s, such that IS maximized

2)

S 3 mjaxp(sj‘z) = p(sl.
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MAP Receliver

Equivalent S Vofe
Maximize p(sj\z):p( ‘p]()zl)?( /)

Maximize p(Z‘Sj)p(Sj)
"a priori" probability
p(s;) side information that has nothing to do
with the communication system
p(S j) not always known

weighting given to the Likelihood p(z‘sj)
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ML Recelver

Maximize the Likelihood (maximum Likelihood)
Choose " i " such that p(z|s;) is maximized

S 3 m]axp(z‘sj) = p(z‘si)
Equivalence between ML & MAP

for the case of equal “a priori” probabilities, p(s;) =

1
the ML and MAP receivers are identical M
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Digital communications

Chapter 3
Binary ML
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ML binary example

M-ary equation

arg max p(z‘sj) —arg max o) f2o
J J
Binary case
Choose 1 if

—(z—q )2/20'2 —(z—ao )2/202

e > e
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Filtering and sampling

I filtre \Q décision
Si(t) <%> :

|
.
FO L 20 sy 2z _’”:

Sortie After sampling

T)=a. (T T
Z()/'al( )+7l( )\ AWGN noise

signal

o ) /267 ~(z-ay)’ 207

> e
regle ML
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] ML rule, binary case
Choose 1 if ...

o a) 207 (ema) 207

—(z-a,) 26> >—~(z-a,)’ /20
(z-a) <(z-a,)

Z closer to q,

a, +CZ1

zZ > I
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Likelihood

p|0)

.
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Likelihood

Test statistic

Module 2
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Likelihood

Module 2

Test statistic p(z|1)> p(z]0)
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Likelihood

Module 2

GEL7014
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Likelihood

o  pEl)

a a
Yo greater than the threshold
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Likelihood

e
: 505 :
: SRR, :
N 000000000000 |

Error probability



Digital communications

Chapter 3
Binary MAP
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MAP binary example

M-ary equation

arg max p(2ls,) (5 = arg. max p(s, )2

! J

Binary case
Choose 1 if

—(z—al )2 /2(72

p(Sl)e >p(S0)e

Module 2 GEL7014
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Likelihood for MAP case

Module 2

pl0)
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Likelihoo

Module 2

Le vraisemblance

pl0)

GEL7014

pll)

o
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Likelihoo

Module 2

pl0)
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Likelihoo

Module 2
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Le vraisemblance

Likelihoo

®©

pelo) | }(ZIU

4o a

Yo less than the threshold
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Example - Exam1 2013, Pr 3

threshold for equiprobable symbols?

threshold for symbol A three times more likely than B-C?

Module 2 GEL7014 41



Example - Exam1 2013, Pr 3

threshold for equiprobable symbols?

mid-point threshold
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Example - Exam1 2013, Pr 3

threshold for symbol A three times more likely than B-C?

a shifted threshold
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Summary

Sampling receivers
Signal and AWGN noise

z(T) Test statistic
(value at the time of sampling)

Decision of the transmitted symbol based
only on z(7)

Module 2 GEL7014
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Summary

MAP and ML receivers
Definitions
Binary case

Choosing the signal and the filter
s(t) and h() still arbitrary

Module 2 GEL7014
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Module 2

Matched filter

GEL7014
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Topics covered

Matched filter (Sec. 3.2.2)

Signal space et Gram-Schmidt process (Sec. 3.1
and course notes)

Error probability& receivers MAP & ML
(Sec. 3.2, appendix B, course notes)
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Filtering and sampling

Sl.(t) % II filtre \&

r(t) I h(1) Z(t) Z(T)

Filter
frequency response H(f)

Output after sampling
z(T)=a,(T)+n(T)

4 \

signal noise

Module 2 GEL7014

décision

Z(T)zj/

How to choose H(f)?
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Instantaneous power

Signal
a,(T)=s(t)*h(t)

o= S(NH()e > df| =[" S(f)H(f)e>df

(= v %

Instantaneous power

2

al.2 (T):

[ S(fVH(f)e " df
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PSD at filter output

LTIS with frequency response H(f)
input PSD G (f)
output PSD Gy(f)=

GY(f):GX(f)‘H(f)

‘2

Module 2 GEL7014 50



Average power

Noise
Input power spectral density

Power spectral density after filtering

2

G, (/)= ()

Average power
[ (r)ar =22 | ()] ar

Module 2 GEL7014
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Signal-to-noise ratio
We want to choose H( /) to maximize

2

jiS(f)H(f)eﬂ””df
L e

Module 2 GEL7014
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Schwartz inequality

2 o0 o0
< j_w‘gl (x)‘z dx - j_oo‘gz (x)‘2 dx

.‘i g, (x)g2 (x)dx

Equality for
g (x) = kg, (x)
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Signal-to-noise ratio

I:gl (X)gz (X)dx2 < _‘-_i‘gl (x)‘2 dx U_iS(f)H(f)ejzzfrdf
I J& (x)f ax %fi\ff () ar
Define

gle(f) g, ZS(f)e_ﬁ”fT
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Inequality

[ 5 (). (x)s

Define

g =H(f) gf3seretd

2

<[lefa LSO

[leGfa = |H( @

=["Is(/)

95



Inequality

I_i g, (x)g2 (x)dx 2

)C

j ‘gl x
I_w‘gz (x)

dxjm

dx = jw

Sj-_i‘gl(x)‘z dx
Jj; gz( )

JiS(f)H(f)ef”defz

2
x‘dx

<[ |z @[ [s(rf ar

wne-af-
H((f))(f df

)ejznﬂrdf :E;‘S(f)]fzdﬁ _



Signal-to-noise ratio

2

“iS(f)H(f)e-/z”def

Sl ar

<N e[S O

[ S H(f)e ™ df
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Signal-to-noise ratio

fiS(f)H(f)e*/zﬁ*def

2

S H () ar

<N e[S O

jjos(f)H(f)eﬂ”def

2

[stneal
NO o ’ o N _OO‘S(f)‘ d
S e 0

signal energy
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Inégalité de Schwartz

contl “ u I n g EEN “igl(x)gz(x)dxz SE|gl(3‘")l2 'd*‘filgz(x)\z dx
Egalité pour
o) gl(x)zkg; X

*

Egalité for

g =kg,
H(f)=kS (f)e*"
Matched filter
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Matched filter

Equality for H(f) = kS (f)eﬂ”ﬂ

h(t)=TF " {kS™(f)e*™} =

\

ks(T—t) 0<t<T

0 elsewhere

assuming s(¢) =0 for ¢ other than 0<¢<T

Module 2 GEL7014
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Filtering and sampling

20 N T K
filtre écision - 0 1
o) O L 20 @ 2(T)>y : z> 5

—— e e e—— e— — e— — e—)

Which s(£)? h(t)="ks(T —1t)

5/(0)? 5,(0)?
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Filtering and sampling

()

Module 2

iy L -;
| K -
filtre décision 1 a, +a,
ZOH N PO RN G I B
L __
hi(?) zi(T)
choose the largest
ho() zo(T)
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Filtering and sampling

(1) z(T)
1) choose the largest

ho(?) zo(T)

(1) };(t) 2(T)

Choose 1 if

If the signals are of equal energy... 2(T)>0
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o () =S Q)= S O¥ 4l

a, (1) 7 ° = S ¥ S Sy (E4S,0)

g(7) = = L4V S(T-4) — 8, (2) % 5 (T-%)

SGD/ ) = S0 oS T‘”’igwﬁd
Q(T)J’Qf =
L
2 (t*f’f( ,gj_,SUr)
- /
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Module 2

Signal space

GEL7014
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Topics covered

Signal space et Gram-Schmidt process (Sec. 3.1
and course notes)
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Conclusions to date

Maximize a posteriori probability (MAP)
Maximize the Likelihood (ML)

Use a matched filter to maximize the SNR
The choice of waveform is arbitrary

We only considered 2 symbols...

Next: generalization M symbols & BER

Module 2 GEL7014

67



Signal space

Motivation
Mathematics to attack ML & MAP
Decision rules
Geometric intuition
Error probability calculation

Vector space

Msymbols can be represented in a finite vector space
(at most M dimensional)

Noise has a space of co dimension

Module 2 GEL7014 68



Vector space

. W1(t)

A
Signal
veclor s,

e
y3(t)
Module 2 GEL7014
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Example

Module 2

| s
4L
L
(1
L
L1 %0
1 ? 3
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Solution

2

-2
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Orthonormal basis

Basis vectors

W (1),w, (1), vy (1)}

1 j=i

(.0, 0)=1

Inner product

J#1

T

AORAVINRAGAGL

M symboles = N <M
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Signal vector
Signal in vector form
s(0=2ap, (0
a; are the coefficients of s,(¢) in signal space

S; = [afl a, - ”aw]

Module 2 GEL7014
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Signal vector

Signal in vector form
5; (1) = Zai,j% (¢)
. are the coefficients of s.(z) iVsignal)space
ij Sz&) I% I(gtja\)) a-aF) \\)k (%) 7
el (L < )
J:!
aik:<Si(t)?Wk(t)> -

O‘L,K
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Orthonormal basis

Norm
(s:(2),5, (1)) = | 5 (1)t
=[O

Signal energy

Average signal energy for a constellation of M
symbols

1M
E =—

2

Si(t)H
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Noise - vector space

yaolt)

ya(t)

walt)
Module 2 GEL7014
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Basis extension

Noise can fall into a larger space than the
signal space
Infinite dimension

Form a basis with the same first /V vectors

(1 (02 (1) ()07 (1))

ﬂ=[”1 Ry ===ty ”N+1---] nf=<”(r)='f/f(r)>
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Basis extension

Symbol

Only non-zero coefficients are in the
signal space

S, =@ @ 00 O]

—1
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Received signal

r(t)=s,(t)+n(t)

vector form

r=S,tn

Module 2 GEL7014
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Digital communications

Chapter 3
Gram Schmidt Process

Module 2 GEL7014

80



Gram Schmidt Process

Generate an orthonormal basis from M
signals {s,(1)}

1

1- wl(t):ﬁsl(t)

where E = IOTSf(t)dt

Module 2 GEL7014
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Gram Schmidt Stage 2

2 6,(1)=5,(0)~{s.(0)wn (O (1

we remove the part of the second signal that
falls into the signal space of s,(¢)
[i.e. the projection of s,(¢) on s,(7)]

E, = j(j@j(t)dt

v, (1) = \/Ej

Module 2 GEL7014
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Gram Schmidt / step

i—1

-9 CIORAQNAG

=l

we remove the part of s,(z) which can be represented by
the basic vectors already found

E, :J‘OTgiz (1)dt  w,(t) :m

JE

When ,(¢)=0 there is no other basis vector at this
stage

The process stops at the latest when i=AM
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Module 2

O<rt<l
Il<t<?2
2<t<3

O<t<l
I<t<?2
2<t<3

O<rt<l
I<t<3

L
0
4L
L
. (1
L
0
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1 0<r<l =
s (1)=9-1 l<t<2 o

0 2<£1<3 -

Step 1

1

N

E, = st(e)dr=[ (1) de+[ (-1)

0 0

2

(MJE O<r<l
wl(t):sl(t):i—l/\/i I<t<2

0 2<t<3
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(0 0<r<l1 (1/J2 0<t<1
s,(t)=41 1<t<2 v, (t)=1-1/v2 1<z<2

Step 2a 1 2<r<3 0 2er<s

ez(t)zsz(t)_<sz(t) v (1 )>‘//1( )
<Sz (t),wl(t» :_..052( )y, (¢)dt

dt+L 1-_—dt+jj—1-0dt

NG

O8]

Zfoo'ﬁ
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) L% (t)

Step 2b / /ﬁ

(0 O0<t<l [1/2 0O<t<l
0,(t)=51 1<t<2+4-1/2 1<t<2
-1 2<t<3 | 0 2<1<3

(1/2 0<t<2
-1 2<t<3

3 2(1Y 3
E,= [0 ()= [ (Ej as [y ar=2=2

2 MJE 0<t<?2
%<r>=ez<r>£={_2/£ i

Module 2 GEL7014
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(/N2 0<t<1
Wl(t):<—1/\/§ l<t<2 %(t):{l/\/g 0<t<2
step 3a 0 2<r<3 —2/\J6 2<i<3

0,(t)=s, (t)_<S3 (2).v, (t)>‘//1 () - <Ss ()., (t)>9”2 (2)

(s,(t)., (t)>=%jolz-1dt+%f(—1)-(—1)dt+j;(—1)-Odz

2 1 3

NN
jz —dt+j dt+j ( %jdt

:£‘£+£:£
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Step 3b
S3(t) <S3(t)>'7”1(t)>9”1(1) <S3(t)>9”2(t)>'7”2(t)

(2 0<t<]1 . 1”1 0<t<l1 . 1”1 0<t<l
O,(t)=4-1 1<t<2—-——"—4-1 1<t<2—-——F——41 1<t<2

\—1 2<t<3 \/5 \5\0 2<t<3 \/g \/g\—z 2<t<3

(2-3/2-3/6

={-1+3/2-3/6=0

| -1-0+6/6

%(t):O
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Result

Two dimensional basis

(1/\2 0<t<l
w, () =1-1/N2 1<t<2

0 2<t<3

Wz(t):{

Module 2 GEL7014
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—2/J6 2<t<3
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Result

Signal coefficients

(5 () === JE =2

<s1 ()., (t)> = 0 by construction

<S2 t), t > = see step 2a

(s,(t).w > (/fjdwrj
S3 t t = see step 3a

%\

143

O<r<l

O<t<?2
Wl(t): _1/\/5 I<t<?2 1//2(1):{
0 2<t<3 —2/J6 2<it<3
R
'
50
oS0
2 dt:y
0~ Y )= Ve
91
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Solution
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Signal space analysis

Module 2 GEL7014
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Topics covered

Error probability& receivers MAP & ML
(Sec. 3.2, appendix B, course notes)

Modulation OOK et antipodal (Sec. 3.2)
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Signal space analysis

Received signal
Time domain
r(t)=s(t)+n(t)
Vector form
r=s+n
How to choose a transmitted signal from an
observation of r
MAP Maximize “a posteriori” probability
ML Maximize the Likelihood
We need to analyze the noise ...

Module 2 GEL7014
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Vocabulaire/notation

Echantillons
n pour n(T)

[
Signal space (1
a, pour a,(T)
Densité conditionnelle
p.(:]i envoyé) densité de la statistique du test

quand la donnée "i" a été envoyée
p.(z[0) etp. (z|t) par exemple

j=1
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Noise Iin signal space

Noise vector

n=[mn,..] ”j:E”(f)Wj(f)df
Recall n(r) Gaussian process
En(t) =0
PSD[n(1)] =Gy (£)="L W Ry(r)=2L4(7)

En() (t+r) 0 7#0

n(f) Gaussian
— N Gaussian (integration is a linear operation)

Module 2 GEL7014
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Noise analysis

Expected value

|
ST
—~—
>
A~
=
~—"
N
A
A~
=\
N~
SS

Module 2 GEL7014
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Noise analysis

Variance . i
En? =E[ n(t)y, (tdt- | n(z)y,(z)dz
=E[ [ n(th(2)w, (t)w, (2)dzdt

0 J0

:jOTjOTE{n(t)n(Z)}WJ (f)’)”j (z)dzdf

Module 2 GEL7014
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Independence of coefficients

Covariance, /.e., suppose i # j

Enn, =E[ [ n(tp(z),(t)w, (2)drdz
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Independence of coefficients

The coefficients are not correlated for white
noise in an orthonormal base
N,
Enn, :70<Wi(t)wj (t)> =0
For Gaussian random variables, uncorrelated =

Independent
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Noise Summary

Gaussian of zero mean

@rvN(O,ﬂj o’ =

Ny
2 2

Independent En.n, =0 forj # i

Vector density
=joint density of coefficients

Module 2 GEL7014 102



Noise density

By independence

noo = 1 —112-/202
. (1) riegl (nf ) I N2mo )

~
LR

Module 2 GEL7014
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Detectors

ML (Likelihood)

Maximize the likelihood, i.e. choosing the s,(¢) which
maximizes the likelihood of receiving r(z)

s, (t) such that arg max P(g‘gj)zi

MAP (a posterior)

Choose transmitted signal to maximize the “a posteriori”
probability

s, such that argmaxP(g‘gj).P(gj) =1

J

a priori probability
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MAP choice

Arg mJE_le(K‘ij)P(ﬁj) = Arg m?XP(£:§j+Q)P(§j)

= Arg m]aXP(EZK_ij)P(if)

_ Arg maxﬁ 1 e—(l’k—sj,k)/202P(S )

B VR
= Arg maxe 2 ) P(ij)

J
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MAP choice

LS s )
Arg m?XP(K‘ij)P(ij) = Arg maxe i P(if)

J

= Arg maxIn|e = * P(S.)

J

= Arg max _—_ : > i(rk —Sj,k)z +1;1P(§J.)}

L 20793
= Arg max _Oi(rk — S )2 +20° lnP(g )}
Z |7 k=1
= Arg m_in{i(rk —Sj,k)2 20" In P(gj )}
7 Lk=1
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MAP choice

We want Arg mjn[i(rk —S 4 )2 —26%1In P(ij )}

I L k=1
Theorem of irrelevance
s.=0 V k>N

Elements for £>N in the sum,, mm{i(r ~s,,) —20°In P(s )}
do not change the k

minimization = Arg min _i(”k —Sj’k)2 ~20°In P(ﬁj)}

k=1

J

norm in the finite basis = Arg min Hg—ngz ~20°In P(gj )}
. . —T
of the signal space
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MAP choice

priori probability

Arg mjin[Hr—gj ‘2 —20’In P(gj)}
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MAP c h o i ce regle ML, cas binaire

Choisir 1 si ...

(=) 27 | H{=a)/25

Choose the signal | _capr-cap
(z—a) <(z—a)’

received signal ma | ;. poceces )
priori probability -4

\W

en supposant a >q,

GEL10280/64486

Arg mjm[”r —gjuz —20’In P(gj)}
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ML choice

Choose the signal closest to the received
signal

, 2
arg min |||
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ML choice

Choose the signal

signal

ML rule, binary case

Choose 1 if ...

e—( -a,) [20° > e-(:—u(,)' 20
—(z—a, I:.:"‘Dn‘: >—(z—a, l:."'rl(T:
(:_al)- <(:_au)-

z closer to «q,

1 .
5 assuming a >a,

Module 2

signal space analysis, and

linear sampling receiver probability

analysis
* give the same results *

GEL7014
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ML choice

Signal space analysis will
facilitate extension to
multidimensional cases

ost to the received

, 2
arg min| |- [

signal space analysis, and
linear sampling receiver probability

analysis

* give the same results *
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Example: Exam1, 2014, Pr 2

s, (1) =1, 0<t<1
Sz(t)=COS27[t, 0<tr<1

s, (t)=cos’ zt, 0<t<1

Do these signals have the equal energy? What is the
average energy per symbol?
Give an orthogonal basis for the these three signals.
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Example: Exam1, 2014, Pr 2

s,(2)=1, 0<¢<I 1
8, (t)zcos27rt, 0<tr<1 1/2
s, (t)=cos’ zt, 0<t<1 3/8

Do these signals have the equal energy? What is the
average energy per symbol?5/8
Give an orthogonal basis for the these three signals.
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Example: Exam1, 2013, Pr 3

Considérez le systéme 3PAM suivant.

N o
AS) A\S) 0
& &£
Y: X

—% 3E, 0 %,/3155

Le systéme a E,/N,=7.2 dB, avec E~25/3, et Ny=1.

A. (10 points) Supposons que les symboles ont tous la méme probabilité a
priori. Quels sont les seuils de décision pour chaque symbole?

B. (20 points) Supposons que le symbole A est 3 fois plus probable que les
symboles B, et C (qui ont tous la méme probabilité a priori). Quels
sont les seuils de décision pour chaque symbole?
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Digital Communications

Chapitre 3
MF/correlator equivalence
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Topics covered

Error probability& receivers MAP & ML
(Sec. 3.2, appendix B, course notes) equivalences
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Two approaches

Linear sampling receiver
fix the type of receiver
probability theory for decision rule
maximize the SNR with a matched filter

Signal space analysis
representation in a vector space
probability theory for decision rule
structure is a correlator
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Sampling receiver

Module 2

|
S, (f) r(t) : f:ti)e

décision
z2(T)zy

e e e e e e e e e e e . —

GEL7014
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Sampling receiver

h(t):{

Module 2

sl-(t) e ,,(t) | h(t) J -

ks(T—t)
0

0<t<T

elsewhere

filtre

(1)

décision
z2(T)zy

GEL7014
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Sampling receiver

| t=T :
(t) || filtre decision .|
é—r(f)l n(e) 2(T)zy [T
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Equivalence at =1

s(t) s(=t) hit)=s(T-1)
V\ t A | \/\ |
T -T T
Signal waveform Mirror image of Impulse response
signal waveform of matched filter
(a)
2(T)

_~«—— Correlator output

/s

r\»~ Matched filter
/m output

~

4
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Signal space

. W1(t)

A
Signal
veclor s,

e
y3(t)
Module 2 GEL7014
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Signal space receiver

MAP

i that minimizes Hr -8, H2 — No lnP(sl, )

ML

. L 5
[ that minimizes Hr_sl_
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Signal space receiver

MAP

i that minimizes Hr -8, H2 — No lnP(sl, )

What is the
ML structure of the

: Co. 5 test statistics??
i that minimizes Hr _g
l

Module 2 GEL7014
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Signal space receiver
MAP
i that minimizes Hr . H2 - N, lnP(si )

el =2{r,s, )+ s = Ny n P(s,)
ML

. L 5
[ that minimizes Hr —s H

el =2{r,s,)+ .|
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doesn't change the minimisation —
identical for all i

Signal spac

MAP

i that minimi

ML

el =2{r,s,)+ .|
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Signal space recei

MAP

i that minimizes Hr -8, H2 — No In P l,)

e ~2(r.5,) s f - N, n

ML

. L 5
[ that minimizes Hr_sl_

known; calculated in advance -
not at each reception

el =2{r,s,)+ .|
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Signal space receiver

only calculation at the

MAP

[ that minimizes Hr —S.

ML

[ that minimizes Hr —s

el =2{r,s,)+ .|
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Signal space receiver

correlator ‘

MAP

i that minimizes Hr —s 4 — No In

e[ —2(r,s,)+

Si

ML
i that minimizes Hr _s. H2
el =2(r.s) +[s,|
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Correlator

(r(1).5 (1))
= [ r(¢)s, (1) dr

e 1
rit)s (t)at |
ﬁ(t) : —_([(.)1()d— |
o : _ |
T choose
Si(t)é r(t): !r(f.)sk(f)df largest [ :
| f——1
| Lo :
I
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Linear sampling receiver

ay |
| =T |
% filter decision
i) r(f): ht Z(t)RZ(T) (T)zr [
|

e e e e e e e e e e c— — —

(1) = ks(T—t) 0<t<T
N 0 elsewhere
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‘ Sampling receiver

Module 2

5,(N—<)
rir) | v

n(r)

[m——————————

fil
)

t v

z(7

re -
. vy [—m
- :“' h“].‘

décision

e e — —— e ee—

[f‘(!)*ﬂ\ﬁr l)]"
.['r|:]\(l' (1-z))dz

| r(z)s. (z)dz

e

| r(z)s {:]«f;ﬂj

choose
largest

GEL7014
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Digital communications

The choice of waveforms ...
the binary case
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Digital -
Communications

Topics covered

Modulation OOK et antipodal (Sec. 3.2)
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Noise... key for finding BER

zero mean Gaussian
o) o
n.~|0,— o =—
/ 2 2
Independent coefficients
Enn =0 i+#]

Probability density
pﬂ(ﬁ):ﬁp% (”j)zlj\/%ae_”?/z“z
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Binary case

Case 1 Antipodal

A 0<L¢t<LT
w):{

0 ailleurs

Sy (t) = =5, (t)

Module 2

Cas 2 On-Off Keying

A 0<Lt<T
S, (t) = .
0 ailleurs

s,(7)=0

GEL7014 137



Gram-Schmidt Process

Case 1 Antipodal

v, (t)= \/Fsl(t)

T T
E, = s (t)dt = jAzdt = AT
0

= a -

Module 2

INT 0<i<T

ailleurs

GEL7014

Cas 2 On-Off Keying

1

v (t)= \/Fsl(t)

T T
E, = s (¢)dt = jAdt14T
0

(1) {MJ_ 0<t<T

0 ailleurs
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Signal coefficients

Case 1 Antipodal Case 2 On-Off Keying

t \/7lﬂ1 A\/_Wl ) t \/7';”1 A\/_l//l )
so<r)——sl<>——Afwl<> So<f>—°
= [Aﬁ] S, = [—Aﬁ} 5, = [A\/T] 5,=[0]

Signal space is of unit dimension
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One dimensional space

Received signal r

Correlator version

Sampling receiver equivalent to matched
filter

Module 2 GEL7014 140



Signal space

Case 1 Antipodal Cas 2 On-Off Keying
S = [Aﬁ] Sy = [_Aﬁ] S = [Aﬁ] Sy = [O]
) Sy : S ) | s¢ $4 N
—AT AT 7 AT

A fair comparison takes a normalization by the average
energy of a bit
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Normalization of E,

Case 1 Antipodal Cas 2 On-Off Keying
T T T
E,=| si(t)di=] ' Ldt= AT E,=| si(t)di=] Ldi=AT
o7 o T
Eoz.osg(t)dt— ' Ldt= AT Ey=| s,(t)dt=0
E, =%E +'%E,= A'T E, =Y%E +%0= AT/2
S S
0o 3, ; | §: L
—A\/_ AT ANT
S
=y ———
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Distance as a function on E,

Case 1 Antipodal

Separationis 2./F,

Larger separation, so

symbols easier to

distinguish

Module 2

GEL7014

Cas 2 On-Off Keying

Separation is 2F,
S
————
- 2F,

143



MAP Receliver

Case 1 Antipodal Cas 2 On-Off Keying
Choose the signal closest Choose the signal closest
to received signal to received signal

| |

| |

r
—— B S
_\/E7b : \/Eb =0 ; 2E,
Eb
r>0 = choose s, (¢) r2 \/\/; = choose s, (1)
r<0 = choose s, (¢
) r< \/\/? = choose s, (?)
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r=0 = choisirs, (7)

Calculate Pe r<0 = choisir s, (7)

Case 1 Antipodal

T — P(O sent)P(r = O‘O sent)+P(1 sent)P(r = 0‘1 sent)

€



Calculate P, cqual priors

Case 1 Antipodal

P, =@(0sent)R(r > 0|0 sent )+ P (1 sent) P(#=0|1 sent)

=1/2P(r2O‘rz—\/E7b+n)+1/zP(rSO‘r=\/E7b+n)

146



caICUIate Pe condition on data sent

Case 1 Antipodal

P, = P(0 sent) P(r > 0|0 sent)+ P(1 sent) P(r < 0| sent)

:1/2P(r2O‘I’=—\/E_b+n)+l/2p(’”£0‘r:\/?b+n)
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Calculate P,

Case 1 Antipodal

P, = P(0 sent) P(r> 0|0 sent)+ P(1 sent) P(r < 0|1 sent)
=%P(r20)r = -\JE, +n)+%P(#<0|r = JE, +n)
= 1P (B, +120)+.P({JB, +1%0)
=%P(nzﬁ)+%P(ns—@)

—P(n>\/7)= 2/2"2dn

00)
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Calculate P,

Case 1 Antipodal

P, = P(0 sent) P(r> 0|0 sent)+ P(1 sent) P(r < 0|1 sent)
=1/2P(r20‘r=—\/E7b+n)+1/zP(rSO‘r:\/E7b+n)
=1hP(—[E, +n20)+%P(|JE, +n <0
:%p(nzﬁ)+%p(ng_@)

( >\/7):

T e g
JE» 149




Calculate P,

Case 1 Antipodal

P | 27 g x) =
} dn Q)=
= T 2/2du
\/* 7Z'

2F,
o[ &)< 3 ol

Module 2 GEL7014

1 Te_xz/ > dx
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Calculate P,

Case 2 On-Off Keying

r2 \/g = choose s, () r< \/g = choose s, (¢)

P =1/2P(r2«/E 2‘r:n)+1/zP(rS\/Eb/2‘r=\/E7b+n)

2/20‘2 dl/l

j-_,
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OOK vs. BPSK

OOK: s,(f) NRZ, s,(t) =0

_ol [ | 1

£ Q{ NO) S0 2F,

BPSK: s,(f) NRZ, s,(t) = —s,(¢)

Pe:Q£ 2Eb} 1y
, 5, JE;
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Probability of error

0 Probabilité d'erreur pour BPSK et O0OK

BER

0 5 10 15 20
Module 2 Fapport signal-a-bruit 153



Error function (erf)

1

Q(X):\/ﬂ

Je‘vz/ *dv < %e_xz/ > for x>3

Matlab ¢= .5—.5*erf(%j
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Avoiding ISI with
Nyquist pulses
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Topics covered

Intersymbol interference (Sec. 3.3, 3.4.1, 3.4.2)
Pages 104-151
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Some observations on the
matched filter ...
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Effective filter

matched filter

*

H.(f)=H,(/)H.(f)

X1 %2 H (f) H(f) HJ(
f f itti Receivin ‘
() A T % Channel f»{ %o g_.;(%_» Detector —»|%,
Lo { L t=kT
L —d Tl T
i ! x3 [ |
—! T L
Noise
X1 X2 Pulse 1 Pulse 2
\
{xz) , > l;zlg)) M" > () #(OO——» Detector —{x
! W ?f t= kT
|
: X3 —-—-)—: T Il—-u— .
—d T I Noise
H(f)=H,(f)H(S)H,.(f)
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Matched filter

System
the receiver sees the TX + channel
The receiver must be adapted to the TX + canal

Channel
maybe unknown
we want a general solution
perfect channel — an all-pass channel
H(f)=H,(f)H.(f)
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Quelle forme d'onde pour le signal?

Théorie

toute forme d'onde peut maximiser le SNR

tout équivalent dans ce sense

en supposant que le canal n'écrase pas le signal
Systemes pratiques

composants imparfaits

canaux qui causent ISI
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Intersymbol interference

How to avoid it ...
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Intersymbol interference

Channel always bandlimited (physical)
Channel always time limited (physical)
But...

A time-limited signal is never bandlimited
(mathematics)

We are always filtering a time-limited signal with
a bandlimited channel

Pulse stretching

Overlapping of a pulse by the previous
pulse(s)
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Effect of ISI

Input Wavetform. w_ (1)

Sampling ponts
{transmitter clock)

Individual pulse response

W e S —

Received waveform, w . (1)
(sum of pulse responses)

i
l
i
|

|

|

i

J -

| I | . 0
J '\J oy

|

|

i Intersymbol interference

J
|
|
I
; [
!
|
|
|
|

Sampling points
i recewver clock)

[

Sampling points
(receiver clock)



Nyquist pulse e

Definition
A Nyquist pulse goes through zero for all
sampling moments except =0

v(nT):O Vn+#0

Nyquist impulses do not contribute to ISI

We can have a longer pulse, so it occupies less
bandwidth

We control the overlap
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Examples

Nyquist pulses

(t)— 1 0<L¢<T
NRzZ Y197 0 ailleurs

_ ~sin(z¢/T)
Sinc V()= (iT)

Raised Cosine (RC)
Root Raised Cosine (RRC)

Module 2 GEL7014
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Problem with square pulses

e Slow rolloff
e Large bandwdith
* Large side lobes

Fourier transform

G
g(t) =rect(t)=TI(t / 7) | g)
‘ ‘ T-sinc(nf 1)
1
<>
-7 time t \_/\
/20 % _i _E _l 0 l E 1 f
-

T T T T
Module 2 GEL7014 166



Spectral efficiency

The Nyquist pulse with the narrowest bandwidth
IS v(1)=Sinc(¢/T) with a bandwidth 1/2T

width 1/T
main lobe
width 27
| 1 - - 1 flreqluency
2T 2T
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Band width

Minimum bandwidth for sending 1/7, symbols
per second is

Maximum spectral efficiency is
2 symbols/s/Hz

UZW
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Digital Communications

Chapitre 3
Raised Cosine pulses
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Compromise

Desirable impulses
Spectrally efficient
Avoids ISI
Practical implementation
robust to timing errors

Module 2 GEL7014
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Raised Cosine

Pulse sin(7t/T,) cos(rrt/T,)
V(1) = 2t/T 11— 47T

|y

Spectrum 1 0<|/f]<—~
T |y |y l+7r
V = 2| 2Ly - — —
(f)=cos Lr (f o H T <|f< o7

0 elsewhere
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Raised COsine sinc function

ImpU|Si0n v(t) @f(jﬁrzﬁ//ﬁ!

rolloff factor

|y
1 0 —
Spectre <|f]< T
T |y 1 l+7r
V(f)=1cos®| x| f——L i’) 7
(f) cos{zr (f 2Tsﬂ o7 <‘f‘<2TS
0 elsewhere
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Plots of Raised Cosine

h(t)2W
|H(f)] 1.0
0.5
r=1.0
r=0.5
/_ r=0
f 0
37 -2T -T T 2T 3T
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Bit sequence

2
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Root Raised Cosine

Define

Module 2 GEL7014
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Root Raised Cosine

not a Nyquist
pulse ...
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Demo Matlab

Root Raised Cosine
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Search Documentation

LG ETGO Release Notes

MATLAB

< Communications System @

Module 2

Contents

Documentation Center

w

A4l Communications System Toolbox

> Getting Started with Communications System

Toolbox
Examples
Release Notes
Classes

Blaalm

Search Documentation

e e ——

Communications System To
Design and simulate the physical layer of con

Getting Starte elease Notes

Synchronization and Receivers

MATLAB

e

=

- ——

BER Performance of Different Equalizers

OFDM Synchronization

QPSK Transmitter and Receiver

GEL7014

Raised Cosine Filtering




ﬁ Communications System Toolbox Communications System Toolbox Examples

Raised Cosine Filtering

This example shows the intersymbol interference (151) rejection capability of the raised cosine filter, and how to splitthe raised
cosine filtering between transmitter and receiver, using raised cosine fransmit and receive filter System objects
comm.RaisedCosineTransmitFilter and comm.RaisedCosineReceiveFilter, respectively.

On this page...

Raised Casine Filter Specifications

FPulse Shaping with Raised Cosine Filters
Roll-off Factor

Square-Hoot Raised Cosine Filters

Computational Cost
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Matlab Commands

randi generate bits randomly
comm.RaisedCosineTransmitFilter

generate a RC Filter with
rolloff and specified delay

step generate the filter output
for a given input

RRC also generated by rcosine
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Hsyvm = 6&; % Filter span in symbol durations

beta = 0.5; ¥ Roll-off factor
samp=sPerSym = 8; % Upsampling factor
5%

¥ We use a raised cosine transmit filter System object and set its

% properties to obtalin the desired filter characteristics. We also use
T |fvtool| to wvisualize filter characteristics.

rcosFlt = comm.RaisedCosineTransmitFilter(...
'Shape’', '"Hormal',
'"EolloffFactor', beta,
'"FilterSpanInSymbols', Haym,

"CutputSampleszPerSymbol ', sampsPerSym)
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Delay for a range of 6

7

To T1 T2 s
Transmit

time

input

Low-
pass
filter

Output

truncated with 4 sidelobes

three bit interval delay

Module 2

i, W i, ¥ P, o, P o U ome e
~

Pulse support time

GEL7014

i T

Receive
time

183



Nsym = 6; $ Filter span in symbol durations

o<
i

beta = 0.5; % Roll-off facrtor
sampsPerSym = 8; $ Upsampling factor
2%

$ We use a raised cosine transmit filter System object and set its
% properties to obtain the desired filter characteristics. We also use
T [fvtool]| tO visualize filter characteristics.

rcosfFlt = comm.RaisedCosineTransmitFilter(...

‘*Shape’, *Normal', ...
"RollofffFactor’, beta, ...
'FilterSpanInSymbols’, Nsym, ...

'OQutputSamplesPerSymbol', sampsPerSym)
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Impulse Hesponse
Ll |

.......................................................

0.8

0.6

Armplitude
=
i
|

s T o L
: 5 _T : ;19913..-

i ! ; i : '
0 ] 20 25 30 35 4[]

samples
185

GEL7014
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Impulse Hesponse
I I

Armplitude

i j
20 25 30 35 4[] 45
samples

] 10 5
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B
b

1.5

\/V\/

0.5

o

apnjiidwy

'O
<

1
-1.5

15 20 25 30

Time

10



Amplitude

1.5

0.5

o

o
o

-1.5

données apres filtrage avec un délai

10

15
Time

20

25

30



0.8}
0.6}
0.4}

0.2}

-0.21-

0.4}

-0.6

-0.81

données apres filtrage

: IT ?T‘
input interior output

X —— RCFilter —— Yo
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/ Raised Cosine Filtering Demonstration -
Fle Edit View Insert Tools Window Hel . . .
' Received signal after filtering at the

’ recelver
15 [ T T
1L
 nsk x Prey <<
:E_ B 7 Reset
*0s; ;
5 B 4

Thig zlide demonstrates a quicker way ta filker data uzing RCOSFLT. “wWhen RCOSFLT i1z uzed without the
“filker'' tppe switch, it deszigns a filter and uzes it to filker the input data. Thiz glide creates the zame plat az
Izlide 3 but dezigns the raised coszine filker and generates the filkered stream in one command.

[voZ, tod] = rcosfltf=, Fd, Fs, 'normalffic', B, Delay); % Design and filker.
stern[be, #, 'k']; hold on; Z Plot data.
plot[toz, pod, 'b-'l; hold off; Z Plot filtered data.

awiz([0 30 -1.6 1.68]); wlabel'Time']; yabel Amplitude']; % Set akes and labels.
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T De=sign and normalize filter.

sgrtRcosRXF1t = comm.RaisedCosi - ilter{...
'"REolloffFactaor’, :

'FilterSpanInSymbols’', Nsvm,

'ITnputSample=s=PerSymbol', sSampsPerS5ym,

'DecimationFactor’', 1):
T Filter at the receiver.
yr = step(sqrtRcosBxFlt, [yc: zeros (Hsym*sampsPerSym/2, 1)1):
% Correct for propagation delay by removing filter transients
vr = yr(fltDelay*Fs+1:end) ;

Module 2 GEL7014 191



Bl =

1¥ 7
05t 7
Wi AN i
£ 0
=
S RVERRAY
05F I kad :
1k =
—*  Transmitted Data
-1.5F Sqrt. Raised Cosine []
I 5 10 15 20 25
Time {ms]
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Matlab, 2

X —— RCFilter —— YO

X —  RRC Filter RRC Filter — YO
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Noise

Add noise in Matlab

signal plus bruit
= AWGN (signal_sans_bruit,SNR_en_dB,'measured')

X —  RRC Filter RRC Filter — YO
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Homework

randseq rcosflt
données —— filtre
RRC
randseq rcosflt
données filtre RC

Module

Amplitude

Diagramme de l'oeil rolloff=0.3 et SNR=15
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