L Topics covered
Digital communications

Linear sampling receiver(Sec. 3.1)
Matched filter (Sec. 3.2.2)

Signal space et Gram-Schmidt process (Sec. 3.1
and course notes)

Error probability, MAP & ML receivers
Chapter 3 (Sec. 3.2, appendix B, course notes)

Linear sampling receiver OOK and antipodal Modulation (Sec. 3.2)
Intersymbol interference (Sec. 3.3, 3.4.1, 3.4.2)
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Sampling receiver

! |

s || filtre décision 0
A,(IH%%(,) : b 20 S 2(7)zr :
|

Transmitted signal s ,(¢) or s,(f)

AWGN noise A1)
r(t)=s(t)+n (1)
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Received signal

Baseband
Step 1 Step 2
fi t pl decision
nanslofmamL ) point Jak'“g
AWGN [T Demoduiats &sampie Pl e
| Sample!

o att=T) | Threshold |},
5i(8) — - 40\‘%»——— P el
Transmitted 4 20 2T | 21T>32v P
waveform : / } : i ’

|
Received Baseband oulse Baseband Message
waveform pulse symbol m
rt) = si(t) * h(t) +nit) z(t) = | or
a(t) + nolt) ‘ channel
symbol u
Sample
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z( =
ai(T) + no(T)
7
Filtering and sampling
N I' ____________
o |
5 (1) % || filtre ‘: décision S
- RO ED =(7) Z(T)i}/ " |
! I
Filter ettt
frequency response H(f)
impulse response A(r)
Filter output
z(t ) r(0)*h(e) =5, () *h(e) +A () *h (1)
a,(t)+n(t)
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Test statistic

Part that comes from the signal
aO(T)=sO(t)*h(t)‘r:T
a (T) =95 (’) * h(t)‘,:r
deterministic : a,(T) ouq,(T) (two numbers)
Part that comes from the noise

n(T):ﬁ(t)*h(t)/:T

n (l) is a random Gaussian process

n (t) *h (t) is a random Gaussian process

n(T) is a Gaussian random variable
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8
Test statistic
~ r ____________
i | |
N P NN =
(1)1 z(r) =(T) = |
| |
Aftersampling ~ ~ T T T T T T T 7
2(T)=a,(T)+n(T)
Test statistic
Detection
comparison of the test statistic with a threshold y
decision or estimate of the data 772
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Noise
Density of sampled noise
1
p,(n)= e /% n~N(0,0°
( ) N27zo ( )
Gaussian of zero mean and variance ¢2
Density of the test statistic
(1) =a,(T)+n(r)  2(T)~n(a(T).0%)
The sum of a Gaussian random variable and a constant is a
Gaussian random variable with a shifted mean.
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Vocabulary/notation

Samples
n for n(T)

z for z(T)
a; for a(T)

Conditional density

Vocabulary/notation

Conditional probability
Pr (S[ |Z) is the probability that the data

sent was "i" given the test statistic is z
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Digital communications

Chapter 3
Bayes Law

Module 2 GEL7014 16

p.(zi sent) test statistic when the data "i" was sent
p.(2]0) etp.(z|1) for example
Module 2 GEL7014 13
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Conditional densities
Density of z(7) if "0" was sent
p.(£10)= p(z=a, +n) = p,(n=2-a,)
__ L e
2o
Density of z(7) if "1" was sent
pz(z‘l) =Pz (Z=a1 +")= p”(n=z—a|)
_ 1 67(:%,%2
2ro
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Bayes Law
Recall of this result in probability theory
p(B)p(4B)=p(B4)p(4)
In our application
p(Z|Si)p(si)
plsf) =22
p(z)

16

Bayes Law

"a priori" information
p(s,.) is the probability that s, is sent

does not depend on the method of
transmission or reception - it is a feature of the
data

not always known
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“a posteriori” Probability

The “a posteriori” probability
The probability Prob(s,|z) that the data " i " was
sent given that we measured the test statistic z
Direct function of our receiver

Vocabulary

2ro

/),(z‘l):

conditional probability
or LIKELIHOOD a priori probability

p(2s)p(s)

p(s,lz) - (z)

a posteriori probability

Module 2 GEL7014 20

20

MAP Receiver

Equivalent . .
Maximize (s;|) :%

Maximize p(Z‘Sj)p(sj)
"a priori" probability
p(s;) side information that has nothing to do
with the communication system
p(sj) not always known
weighting given to the Likelihood p(Z‘ S; )

Module 2 GEL7014 22
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MAP rule
Maximizes “a posteriori” probability
A receiver that chooses the data that maximizes
probability after an observation is called a "MAP
receiver"
p(si z
Choose s; such that is maximized
S. 3 max S|z)= S|z
camax p(s,[z)=p(s]2)
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ML Receiver

Maximize the Likelihood (maximum Likelihood)
Choose " i " such that p(z]s,) is maximized

5)

Equivalence between ML & MAP

S, am?xp(z‘sj):p(z

1
for the case of equal “a priori” probabilities, p(s;) = m
the ML and MAP receivers are identical
Module 2 GEL7014 23
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Digital communications
Chapter 3
Binary ML
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ML binary example

M-ary equation
—(Z—H/)2/20'2

arg maxp(z|sj) =arg maxe
J j

Binary case
Choose 1 if

e*(Z*“1 )2 /20'2 > e—(z—ao )2 /202
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Filtering and sampling

ii(t) | a

Sortie After sampling

T)=a (T T
Z( ) Cl,( )+ﬂ( )\ AWGN noise

25

Choose 1 if ...

e—(z—al)“/Za2 > e—(z—an) /20’Z

—(Z—a|)2/262 >—(z—a0)2/20'2
(z_“l)z <(z—ao)2

z closer to q,

ML rule, binary case

z> a, + a, .
assuming a, >a,
Module 2 GEL7014 27
27
Likelihood
Pl0)
a / a4
Test statistic
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29

signal
e—(z—al) /20'2 > e—(z—ao) /20'2
Module 2 GEL7014 régle ML
26
Likelihood
p(zm)\ /(ZW
a4 a)
z(6)=s,(¢)%h () *h(r)+A(t)*h(r)
=a,(t)+n(t 014 28
28
Likelihood
pEl0) pED
4 a
Test statistic p(z|1)> p(z|0)
30




Likelihood

p(zl0)

A A

|
closer to a,
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Likelihood

PE0) PEID

4 a
Yo greater than the threshold
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Likelihood

p(z|())\ /e\/ﬁ(zl)
/ \

4 a
Error probability

33

MAP binary example

M-ary equation

arg mja_txp(z| sj)p(si) =arg m?xp(sj)e—(z—a,)z/z(,z

Binary case
Choose 1 if
—~(z-a )2/20'2 —(z-a )2/20'2
p(sl)e ‘ >p(s0)e !
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32
Digital communications
Chapter 3
Binary MAP
34

Likelihood for MAP case

pl0)

a4

35
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Le vraisemblance

Likelihoo

Lo vraisemblance

Likelihoo

P0)
2
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Le vraisemblance
Likelihoo
P0)
2
0
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PE0)
-
£
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Le vraisemblance
Likelihoo
PE0)
-
£ a
O less than the threshold
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Example - Exam1 2013, Pr 3

threshold for equiprobable symbols?

threshold for symbol A three times more likely than B-C?
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Example - Exam1 2013, Pr 3

threshold for equiprobable symbols?

mid-point threshold
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Example - Exam1 2013, Pr 3

threshold for symbol A three times more likely than B-C?

a shifted threshold
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Summary

Sampling receivers
Signal and AWGN noise

z(T) Test statistic
(value at the time of sampling)

Decision of the transmitted symbol based
only on z(7)

Module 2 GEL7014
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Summary

MAP and ML receivers
Definitions
Binary case

Choosing the signal and the filter
s(¢) and A(?) still arbitrary
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Matched filter

Module 2 GEL7014
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Topics covered

Matched filter (Sec. 3.2.2)

Signal space et Gram-Schmidt process (Sec. 3.1
and course notes)

Error probability& receivers MAP & ML
(Sec. 3.2, appendix B, course notes)
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Filtering and sampling
ii(t) | 1

|
|

filtre décision N
5, ()= ,(1)| () =) 2(T)zy [ :
Filter

frequency response H(f)
Output after sampling
z(T):ai(T)+n(T)

signal noise

Module 2 GEL7014

How to choose H(f)?

48

48




Instantaneous power

Signal

0

a,(T)=s(t)h(r),, =]

Instantaneous power

2

a}(1)=|[" S(/)H(1)e" " df

Module 2 GEL7014

S(H()e | <] s

(SYH(f)e™ " df

49

PSD at filter output

LTIS with frequency response H(f)
input PSD G (/)
output PSD Gy (f)=
. A2
GY(f):GX(f)|H(f)| A
2
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Average power

Noise
Input power spectral density

Power spectral density after filtering
N,

G ()= ()

Average power

L =i
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Signal-to-noise ratio

We want to choose H( /) to maximize

" stru (e al
STl ar

51
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Schwartz inequality

J: g (x) 2, (x)dx

Equality for
g (x) =k, (x)

Module 2 GEL7014

2 o0 o0
< U g, (x)|2 dx- LJ I (x)|2 dx

53

52

Signal-to-noise ratio

[ () () ar|

U” oD g (x|

< J: ‘g, (x)‘z dx

“ 2 No * |2
I J& (=) ax S ) e

Define
& :H(f) &> :S(f)eij“ﬂ

53
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Inequality
I &)z x)a] <[ o (o a

" Je (=) as =[" | () ar

| strym(nea|

Define

g =H(f) egfqserye e

sy

Inequality
[ & (0)e(

)dx ’ < J: ‘g, (x)‘z dx

'r ‘gz (“")‘2 dx

["s(r)H(r)e” gl

o] =\U:s<f>>ﬂ<<.f>wmf <
[ e (o) ax=[ (o) @

.“:;‘gz (x)‘z dx = J‘:‘S(f)exznrr

<[T|Hfar-[ Is(r) ar

e (x

o <[ Is(far

55

Signal-to-noise ratio

56

U S(f)H(f)e> " df 2

\TJ |H (1) df

[ s(nH(f)e 7 af|

<[ |z ar-[ Is(r) o

Signal-to-noise ratio

U S(S)VH(f)e™ "z_/f'z

%I |1 (1) df

["s(r)H(r)e” gl

<[T|Hfar-[ Is(r) o

2
<
N,

signal energy
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\ﬁﬁﬂﬂﬂwmwz

Ny = N
SN ar

[somne=ral
Pr— <[ Is(far
[# () ar
57
Inégalité de Schwartz
continuing... e & e &

[ s(H(e="ar|
Si

58

N, ¢ 2 .
Ml (f @
Egalité for g — kg
H(f) — kS* (f)eﬂ/r/r
Matched filter
Module 2 GEL7014 59

Matched filter

Equality for

H)=H5 (1)

ks(T—1) 0<¢<T
0 elsewhere

h(t)=TF " {kS" (f)e”" | ={

assuming s (¢) = 0 for ¢ other than 0<7<T

59
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60
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Filtering and sampling

ii(t) a

| =T |

filtre décision | | a, +4a;

w0 r(t),:(z) z(T) i3
L

(D)
choose the largest
S z(T)
Module 2 GEL7014 62
q (T <o Q- SOwmaw 4T
U © DA 2 (L g
o (1) 7° — S ¥ S )= S (4HS5,0)
ol )
7.4) ) # 5 (7-2)
G(T) = SilEY Si(T-¢)— 3,(#) %1%
)
7 Yoc(Td) £ 7,
e B o Se( -2/ /([ Tt)
WAL A
5,05,
= / N
. e /f,ws‘\"“{‘
) { S sea
s, (B* ?r/ )
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Topics covered

Signal space et Gram-Schmidt process (Sec. 3.1
and course notes)

Module 2 GEL7014 66

Filtering and sampling
, ay +a;
D( ) e r(t) | z> 2
Which s(r)?
5,(0? 5,(0)?
Module 2 GEL7014 61
61
Filtering and sampling
hi(t) — z/(D)
R0 (2] choose the largest
— D
()= (1)1 1) 2(1)=2(T)==(T)
GRS T E——C
. Choose 1 if
If the signals are of equal energy... 5(1)>0
Module 2 GEL7014 63
63
Signal space
Module 2 GEL7014 65
65

66
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Conclusions to date

Maximize a posteriori probability (MAP)
Maximize the Likelihood (ML)

Use a matched filter to maximize the SNR
The choice of waveform is arbitrary

We only considered 2 symbols...

Next: generalization M symbols & BER
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Signal space

Motivation
Mathematics to attack ML & MAP
Decision rules
Geometric intuition
Error probability calculation
Vector space

Msymbols can be represented in a finite vector space
(at most Mdimensional)

Noise has a space of co dimension

67

Vector space

: i j yale)
Signal | o
vector sy,
mi
y3(t)
Module 2 GEL7014 69
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Solution
#2
2 -
]
2 .3
1 o
1 ) ' >—'_"
-2 -1 1 2 1
Module 2 GEL7014 7
71
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1 (1)
Example
-1+ ——J
1+
t
o s(t) |
-1+ __J
1)
2 Sy(t)
1 2
o 1
-1}
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Orthonormal basis

Basis vectors

TAGRAGEAGH
1 j=i

(w.(f)-w,(f))={0 Y
Inner product

(w0}, ()], w1, (0

M symboles = N <M

Module 2 GEL7014 72

72

12



Signal vector
Signal in vector form

<>zw (1)

a; are the coefficients of s() in signal space

Module 2 GEL7014

73

Signal vector

Signal in vector form

$(0)=3a., ()

a; are the coefficients of sl@ irgs'@%a‘)JsaaF)e\\)k ®) 7
]r\

s, =a, a,--a, v
s, [ 1 9y v] = JZ_:‘O‘H' <\|)j(£\l\4)k(t)>
[ :<S1 ([)"//k (t)> - o,
> &, )
()] =24
=
Module 2 GEL7014 74

73

Orthonormal basis

Norm

Signal energy

Average signal energy for a constellation of M
symbols

Module 2 GEL7014

75

74

Noise - vector space

wa(t)

yi(t)

w3t

75
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Basis extension

Noise can fall into a larger space than the
signal space
Infinite dimension

Form a basis with the same first AV vectors

{V’1(’))Wz(’)-~-)l/’:v(t)>l//yv1(’))--~}

n = <n (r),z//l (t))

ﬂ=["1 Byl nyﬂ---]

Module 2 GEL7014
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76

Basis extension

Symbol
Only non-zero coefficients are in the
signal space

S; :[ail ai2"'aiN00"']

Module 2 GEL7014 78
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78
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Received signal

r(t) = s[(t) + n(t)

vector form
r=s;,+n
Module 2 GEL7014 79
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Gram Schmidt Process

Generate an orthonormal basis from M
signals {s,()}"

1
1- wl(t)=—\/f 5(1)
1
where  E| :IOTSIZ (t)dt

Module 2 GEL7014 81

81

Gram Schmidt /” step

il

= 0,(0)=5() = Xl () (i)

E=1
we remove the part of s,(s) which can be represented by
the basic vectors already found

E=[0}()dt v, (1)= A0}

When v, (t) =0 there is no other basis vector at this
stage

The process stops at the latest when i=Mm

Module 2 GEL7014 83

Digital communications

Chapter 3
Gram Schmidt Process

Module 2 GEL7014 80

80

Gram Schmidt Stage 2

2- 92("‘):‘92(’)’<32 (f)vwl(f»'//l(t)

we remove the part of the second signal that
falls into the signal space of s,(?)
[i.e. the projection of s,(#) on s,(A]

E, =j0T0§(z)dt

=%
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82

1 0<t<1 20

s(6)=9-1 1<1<2 o

0 2<t<3 1k _l
1F ‘
0 O<t<l , sz“)l

s(1)=41 1<t<2 Sl I

83

-1 2<t<3 ) Sy(t)
2 0<t<l 2
s, ()= 0 ~
(1) {71 1<t<3
-1}
Module 2 GEL7014 84
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I o<t
s (1)=1-1 l<t

0 2<r

142 o0<i<1
~1/N2 1<i<2

0 2<t<3

5, (¢t

V/l(t)z 5 =

RS

Module 2 GEL7014

<1
<2

<3

1 s(0)

85

85

s5(0)

Step 2b / /
0 0<r<l [1/2 0<t<1
0,(t)=41 1<1<2+{-1/2 1<1<2
-1 2<t<3 0 2<t<3

{1/2 0<r<2

-1 2<t<3

2

0<r<2

V/z(’)=92(t)'\/g={_lé;/jg 2<t<3

Module 2 GEL7014

3 2( 1 ’ 3 2
Ezzjuag(z)dz:ju[i) de+[ (-1) di=Z=2

%% (t)

3

87

87

Step 3b
53 (t)

2 0<t<l Jl 0<t<l
-1 1<t<2-- N -1 1<t<2-
-1 2<t<3 210 2<t<3

r_3/2_3/6

(s5(6), () (2)

=

Hz(t):

~1+3/2-3/6=0
~1-0+6/6

v (1)=0

GEL7014

Module 2

<53(t)»§//2 (t)>Wz([)

S

1

6

0<t<l1
I<t<2
-2 2<t<3

1
1

89

89

0 0<t<l1 N2 0<i<l
5, (1) = 1<t<2 wdd-{—VJi 1<t<2)
Step 2a o1 2<i<3 0 2<r<3
‘gz(t):sz(t)_<sl(f)~y’1(t)>‘//1(t)
() () =[5 (O)wi(r)dr
1 1 -] 3
= oo-ﬁdwrjl l-ﬁdujz—l-odr
_-L
2
.00 =5~ (0)
86
[1/V2 o0<i<i
u/‘(z):r‘fl/ﬁ 1<t<2 z//;(t):{l/\/g <=3
Step 3a Lo 2eo R
93(’) = g}(’)7<‘3 (t)’VII(I)>l//I (t Lw('st;(t)"//z (Z)>'//2 (t)
(5,(¢) .,,1(,)>=%L‘z.1dt+szf(-l).(-1)d;+£‘(-1).04
2. 1.3
22 2
(5, (1) (1)) = (:zALéde‘ (4)%4”]’(71)( %Jdt
2 1.2 3
“J6 Vo o e
88
Result
Two dimensional basis
MJE 0<t<1
p()=1-1/N2 1<t<2 %(t):{l/\/g 0<t<2
0 2<r<3 26 2<i<3
Module 2 GEL7014 90
90



N2 o<i<1
w,(/)ll/ﬁ 1<r<2 w:(z):{l/‘/g 0<r<2

s 0v:0) =0 Vg L[~ g ar=
5(0).w, (t)> = %\/5 see step 3a

Module 2 GEL7014 91

0 2<1<3 -2/\6 2<1<
Result
Signal coefficients "
<s1(t),z//.(t)>:%:\/izﬁ . 7* »
<51(t)~l//2(t)>=0byconstruction Ti‘ o
<Sz(t)’l//1(t)>=*/\/§ see step 2a R N
(

91

Signal space analysis

Module 2 GEL7014 93

93

Signal space analysis

Received signal
Time domain
r(t)=s(t)+n(z)
Vector form
r=s+n
How to choose a transmitted signal from an
observation of 7
MAP Maximize “a posteriori” probability
ML Maximize the Likelihood
We need to analyze the noise ...

Module 2 GEL7014 95

Solution
¢ Isl=~2
L:[\/z 0} ? 1 9 \/’
. _[_L i:| 2r HSZHZ E"’g: 2
R Il=|2+2 =46
§3z|:.7 7:| . ‘3
> 6 1} :
8,

1 ; ! )_,__I_

-2 -1 1 2 ¢
Module 2 GEL7014 92
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Topics covered

Error probability& receivers MAP & ML
(Sec. 3.2, appendix B, course notes)

Modulation OOK et antipodal (Sec. 3.2)

Module 2 GEL7014 94

94

Vocabulaire/notation

Signal space

r(O)=2rw, (1) r=[nn.nn.]
J=1

wO=Fny () w=frnnn]

s (I)=Zsljg//j (r) s I:SIJSLZ ...5,,0 O:'
71

Pr(r (t)|s, (Z)) = Pr(r(t) =5,(7) +n(t))
=Pr(r=s,+n)

Module 2 GEL7014 96

95

96
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Noise in signal space

Noise vector

n=[mnm.] =] a0,
Recall n(r) Gaussian process
En(t)=0

PSD[n(t)]=G, (f)=—2

Ly R,\,(r):%g(z)
En(t) (l+r) 0 7#0

n(t) Gaussian
= 1, Gaussian (integration is a linear operation)

Module 2 GEL7014 97

97

Noise analysis
Variance ) ,
Enf:EJ- n(t)y/,(t)dt-J. n(z)l///(z)dz
_ELI v, (z)dzdt
I E (O, (=) dzdt
J I ‘6 t=z)y, (1), (z)dzdt
= ];0 O"W}(t)dt:%

99

Independence of coefficients

The coefficients are not correlated for white
noise in an orthonormal base

Enn; = %(V’i )y, (’)> =0

For Gaussian random variables, uncorrelated =
Independent

Module 2 GEL7014 101

Noise analysis

Expected value
En, =E[ n( l///(t)dt
= j dt

—jO(// dt—

Module 2 GEL7014

98

98

Independence of coefficients

Covariance, ie., suppose i# j
Enn 7EJ. J ( )dtdz

—Lj v, (), (2)drdz
_JI—”ét 2)y, (), (z)dtdz
[y o, ()
:%@/[(t)l///(t»:o

Module 2 GEL7014
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100

Noise Summary

Gaussian of zero mean N v
nj~N(O,7°J ol =2

Independent  En 5 =0 forj#i

Vector density
=joint density of coefficients

101
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102
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Noise density

n=T12 (1) =TT 5=

Module 2 GEL7014 103

103

MAP choice

Arg m}a"P(K‘S/)P(L):Arg m?xP(£:§.+l)P(£f)

=Arg mﬁxP(g:L—g/)P(gj)

=Arg maxﬂ ! ei('r""‘)/z{’lP(gj)

I kA \/50'

= drg maxﬁe’(""""‘)z/wlf’(if)
kA

e
=Arg mjaxe P(s )

Module 2 GEL7014 105

105

MAP choice

We want drg miﬂ{Z(n s, )z —26%In P(g,)}
N =) »
Theorem of irrelevance
5,=0 V k>N

Elements for k>N in the sum . [‘ s Yerotmnp }
do not change the re min) 2. su) -2 P(s))
minimization

k=1

=Arg m,in[i(n =5, )2 —207In P(;/)

k=1

2
norm in the finite basis =Arg mianL—g,H —207In P(g,)]
—

of the signal space

Module 2 GEL7014 107

}

Detectors

ML (Likelihood)
Maximize the likelihood, i.e. choosing the s,(r) which
maximizes the likelihood of receiving (7

5,(t) such that arg max P(L‘EJ):I'

MAP (a posteriori)
Choose transmitted signal to maximize the “a posteriori”
probability

s, such that argmax P(r|s, ||P(s . ||=i
vlu g/X ([‘1}) (S‘) 1

=J

a priori probability

Module 2 GEL7014 104

104

MAP choice

L3 (aesa)

Arg m;‘.‘XP(K‘EJ)P(Ej)=Arg m;dxeiz"';
)

=Arg m?xln{e = P(s,)}
=Arg max[— 1 i(n—xM)ZJrlnP(g,)}
/ k=1

207

=Arg ma){ei(n =S )Z +20° lnP(gj)}
J k=1

=Arg min[i(rk—sﬂ)z—Zazln P(g/.)}
L =1

Module 2 GEL7014 106

106

MAP choice

Choose the signal that m
T

received signal modulo(a" or a
priori probability

Arg m/_in|:Hr—§/H2 —20%In P(gj )}

107

Module 2 GEL7014 108
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MAP choice

Choisir 1 si ...

Choose the signal |

144

received signal mg :
priori probability T
2
Arg mi —A.—221PA,]
re min[ -5 [ <20 (s,
Module 2 GEL7014 109

ML choice

Choose the signal closest to the received

109

ML choice

Choose 1 if ...

Choose the signal | .-
S|gna| (z-a) <(z-a,)

2 closer to a,

a,+a,
—5 assuming a,>a,

Arg mitp—sy

signal space analysis, and

linear sampling receiver probability
analysis

* give the same results *

Module 2 GEL7014 m

signal
Arg m/in[Hr—ile}
110
ML choice

Signal space analysis will ast to the received
facilitate extension to
| multidimensional cases |

Arg m/in[Hr—;]Hz}

signal space analysis, and

linear sampling receiver probability
analysis

* give the same results *

Module 2 GEL7014 112

111

Example: Exam1, 2014, Pr 2

s(1)=1, 0<r<1
s,(t)=cos2zt, 0<t<1

s;(t)=cos’ mt, 0<t<l1

Do these signals have the equal energy? What is the
average energy per symbol?
Give an orthogonal basis for the these three signals.

Module 2 GEL7014 13

112

Example: Exam1, 2014, Pr 2

s (0)=1, 0<r<1 1
s, (t)=cos2zt, 0<r<1 12
s3(t)=cos’ zt, 0<t<l1 3/8

Do these signals have the equal energy? What is the
average energy per symbol?5/8
Give an orthogonal basis for the these three signals.

Module 2 GEL7014 14

113
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Example: Exam1, 2013, Pr 3

Considérez le systéme 3PAM suivant.

\Zo \QQ’ \@v

& L L
£ S

ApE 0 ;%JBE‘
3

Le systéme a E,/N,=7.2 dB, avec E=25/3, et N=1.

A. (10 points) Supposons que les symboles ont tous la méme probabilité a
priori. Quels sont les seuils de décision pour chaque symbole?

B. (20 points) Supposons que le symbole A est 3 fois plus probable que les

symboles B, et C (qui ont tous la méme probabilité a priori). Quels
sont les seuils de décision pour chaque symbole?

Digital Communications

Chapitre 3
MF/correlator equivalence

Module 2 GEL7014 116

116

Two approaches

Linear sampling receiver
fix the type of receiver
probability theory for decision rule
maximize the SNR with a matched filter

Signal space analysis

representation in a vector space
probability theory for decision rule
structure is a correlator

Module 2 GEL7014 118

Module 2 GEL7014 15
115
Topics covered
Error probability& receivers MAP & ML )
(Sec. 3.2, appendix B, course notes) equivalences
Module 2 GEL7014 17
117
Sampling receiver
U |
I
s | filtre \& décision (I |
A,(z)% T S 2D
I I

118

Sampling receiver

NI

filtre décision .

Sw(’){gw h(t) =(T)zy [ :
|

h(r):{kx(l'ft) 0<t<T ( ————————————

0 elsewhere

Module 2 GEL7014 120

119

120
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Sampling receiver

| |

filtre décision .
s,(U‘é)T):EW G z(T)z;/ Fm :
l

—_ — — = e ——

Equivalence at =T

s(t) s(=t) h(t)=s(T-1)

t '

T -T T
Signal waveform Mirror image of
signal waveform

Impulse response
of matched filter

(a)

(T 4 Correlator output

— Matched filter
output

Module 2 122

(b}

122

Signal space receiver
MAP

i that minimizes ||r —s, "2 -N, lnP(si)

ML

i that minimizes = H2
1

Module 2 GEL7014 124

'[U r(z)sl(z)dz
Module 2 GEL7014 121
121
Signal space
Wyalt)
(tm3/// iiiiiiiiiiiiiiiiiiiiiiiiiiiii
{@m2
t (e
Signal |
vector sy,
mi
y3(t)
Module 2 GEL7014 123
123
Signal space receiver
MAP
i that minimizes"r —s "2 —N.ln P(s )
i 0 i
What is the
ML structure of the
. L. 2 test statistics??
i that minimizes Hr _ SH
v
Module 2 GEL7014 125

124

Signal space receiver
MAP
i that minimizes"r _ sl_"z - N, lnP(si)
||r||2 =2(r,s, )+ ||si||2 —N,InP(s,)
ML

i that minimizes = H2
1

el = 20rs.) +[s,[

Module 2 GEL7014 126

125
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identical for all i

Signa| sp301 doesn't change the minimisation —

MAP

i that minimi |r —s

el ~2r. 5

—N,InP(s;)
+ ||S,~||2 —N,InP(s,)
ML

i that minimize, Hr —s |
i

el = 24rs.) +[s,

Module 2 GEL7014

127

Signal space recel| known; calculated in advance -
not at each reception

MAP
i that minimizes"r _sl_"z -N,InP l_)
||r||2 —2<r,si>+||si||2 =N, Inf(s,)
ML
i that minimizes Hr s, H2
el =245, )+ s,

Module 2 GEL7014 128

127

128

Signal space receiver

only calculation at the

MAP / fe“‘”j

i that minimizes"r —sJ —N,Tn

el = 2(es)+ s ]

ML
i that minimizes Hr _ siHZ
el = 2(e.s, )+ s,

Module 2 GEL7014

129

Signal space receiver

I correlator I

MAP

ML

i that minimizes = H2
1

el = 20rs.) +[s.[

Module 2 GEL7014 130

129

130

Correlator

{r(1).5())
= J.OT;’(t)s1 (t)dt

choose
largest [

Module 2 GEL7014

Linear sampling receiver

|
| = |
filter decision .
“-® r(t):z(r) z(r) g
|

[ks(T-1) 0<i<T

h(r):l [r()*ks (T-1)] _,

[[r(z)s,(T~(z-1))az
[[7(2)s,(2) ez
[[7(2)s,(2) ez

0 elsewhere

=T

Module 2 GEL7014 132

131

132
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‘ Sampling receiver

Digital communications

The choice of waveforms ...
the binary case

Module 2 GEL7014 134

(
|
~ : _ I
: |
s,(t)é r(t): M I:rgest [ :
s
| J‘r(z)sw(r)dt :
|
____________ 1
133
Digital
=
Topics covered -
ru'\‘”"’tz

Modulation OOK et antipodal (Sec. 3.2)

Module 2 GEL7014

135

134

Noise... key for finding BER

zero mean Gaussian
n;~ 0,&j 02:&
2 2
Independent coefficients
Enn =0 i#j

Probability density
A (ﬂ) = ljp,,/ (n/ ) = 12[ \/%G o

135

Module 2 GEL7014 136

Binary case

Case 1 Antipodal

Cas 2 On-Off Keying

A 0<t<T A 0<t<T
5()= i 5= {o il
0 ailleurs ailleurs
so(t)==5,(1) 5(1)=0
Module 2 GEL7014 137

136

Gram-Schmidt Process

Case 1 Antipodal Cas 2 On-Off Keying

v, (t):ﬁsl (1) v (t)=ﬁs1 Q)

T T T A
E, :Isf(t)dt:IAzdt:AzT E, :Jsf(t)dt:JAzdt:AzT
0 0 0 0

e LU oot

0 ailleurs

137

Module 2 GEL7014 138

138
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Signal coefficients

Case 1 Antipodal Case 2 On-Off Keying

(1) \/—y/l A\/_l//1 1) (1) \/—'/4 A\/_'//1 7)
So(t);‘\l( ):A\/’ v (1) sn(t)
s =[] s-[-aF] w=[AT] sl

Signal space is of unit dimension

139

Module 2 GEL7014

139

One dimensional space

Received signal r=[s]
r:<r(t)"//| (t)>:

:ﬁﬂ #(1)s: (1)

Correlator version
Sampling receiver equivalent to matched

filter

Module 2 GEL7014 140

Signal space
Cas 2 On-Off Keying
=[4T] s5,=[0]

Case 1 Antipodal
:[A\/F] S, :[714\/;]

S, 54 3
e e
AT AT 2 AT

A fair comparison takes a normalization by the average
energy of a bit

GEL7014 141

Module 2

141

Distance as a function on E,

Case 1 Antipodal Cas 2 On-Off Keying

Separation is  2,/E,

Larger separation, so
symbols easier to
distinguish

Separation is  /2E,

Module 2 GEL7014

143

143

140

Normalization of E,

Case 1 Antipodal Cas 2 On-Off Keying

dt:jOTAzdrzAZT dt:jOTAZdr:AZT

T
E, :Io SIZ (t)
E,=] s (1)di=0

E, ="E, +"0=A'T/2

T
E, :L SIZ (t)
E,=| s (0)di=[ #di= 4T
E, ='E +hE, = AT

S s, ety
AT AT = AT
S, s, s YN
JE, JE % 2E,
Module 2 GEL7014 142

142

MAP Receiver

Case 1 Antipodal
Choose the signal closest

to received signal to received signal

Cas 2 On-Off Keying
Choose the signal closest

E,
r>0 = choose s, () rz \El = choose s, (¢)
r<0 = choose s, (?
o) ré\/g = choose s, ()
Module 2 GEL7014 144
144



rz0 = choisir s, (1)

ey
Calculate P, =0~ @)

Case 1 Antipodal

G sent)P(r = 0|0 sent)+P(1 sent)P(rso‘l sent )

2

Calculate Pe equal priors

Case 1 Antipodal

P =P(0 sent)P(r >0[0 sent)+P(l sent)P(r<0|1 sent)

=‘/:P(r20‘r=—JET+n)+V:P(rSO‘r:\/E_,,-f—n)

146

145

146

calcu‘ate Pe condition on data sent

Case 1 Antipodal

P, = P(0 sent) P(r > 0f0 sent)+ P(1 sent) P(r < 0|1 sent)

:‘/zP(rZO‘r:—\/E_'b—Q—n)-*—'/zP(rSO‘r:\/?b-o—n)

147

Calculate P,

Case 1 Antipodal

P, = P(0 sent) P(r > 0[0 sent )+ P(1 sent) P(r < 0|1 sent)
= P(E20)r = —\JE, +n)+ 2P (#20|r = JE, +n)
- > P(B] ¥=0) + P (B ¥i%0)
=%sP(n2 |JE,)+nP(n<—E,)

= P(n > \/E_b) = T \/%0' e’"z/z"zdn

Module 2 vE; GEL7014 148

147

Calculate P,

Case 1 Antipodal

P, = P(0 sent) P(r > 0|0 sent)+ P(1 sent) P(r < 0|1 sent)
=%P(r>0]r =—|JE, +n)+%P(r <0|r =[E, +n)
=16P(~[E, +n20)+ P ({JE, +n<0)
=%P(n2 JE,)+%P(n<~|E,)

1

= P(n=E,)= \/i— N e gy

149

148

Calculate P,

Case 1 Antipodal

Module 2 GEL7014 150
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Calculate P,

Case 2 On-Off Keying

;]

R:‘/2P(rZm‘r:n)+‘/zP(rS\/m‘r:\/ﬁTb+lz)

E—/r/zw du

;]

Module 2 GEL7014 151

E, E,
r> JE = choose s, (1) /-<‘F = choose s, (¢

OOK vs. BPSK

0OK: s,(7) NRZ, s,(1) =0

BPSK: s,(t) NRZ, s,(f) = —s,(?)

2E, So S
P = iad’y
o =] R

Module 2 GEL7014 152

151

Probability of error

0 Probabilité d'erreur pour BPSK et 00K

10

BER
S

; H
0 5 0 15
Module 2 Rapport signal-&-bruit 1

152

Error function (erf)

1

Q(x)= NeT

[ePav< %e"‘z/ > forx>3

Matlab ¢ :45—.5*erf[%j

Module 2 GEL7014 154

154

Topics covered

Intersymbol interference (Sec. 3.3, 3.4.1, 3.4.2)
Pages 104-151

153
Avoiding ISI with
Nyquist pulses
155

Module 2 GEL7014 156

156
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Some observations on the
matched filter ...

Module 2 GEL7014 157

matched filter

Effective filter /)"

*1 %2 H{f) H.()

Transmitting
filter

H,(/)
R L )
o Detector Ix,
filter
t=kT

X1 X2 Pulse 1 Pulse 2

157

Matched filter

H(f)=H,(f)H(f)H.(f)

System

the receiver sees the TX + channel

The receiver must be adapted to the TX + canal
Channel

maybe unknown

we want a general solution

perfect channel — an all-pass channel

H(f)=H,(f)H,(f)

Module 2 GEL7014 159

[ | E\L’ \f[ t=kT
g i- s T Noise
H(f)=H,(f)H.(f)H.(f)
Module 2 GEL7014 158
158

Quelle forme d'onde pour le signal?

Théorie

toute forme d'onde peut maximiser le SNR

tout équivalent dans ce sense

en supposant que le canal n'écrase pas le signal
Systémes pratiques

composants imparfaits

canaux qui causent ISI

Module 2 GEL7014 160

159

Intersymbol interference

How to avoid it ...

Module 2 GEL7014 161

160

Intersymbol interference

Channel always bandlimited (physical)
Channel always time limited (physical)
But...

A time-limited signal is never bandlimited
(mathematics)

We are always filtering a time-limited signal with
a bandlimited channel
Pulse stretching

Overlapping of a pulse by the previous
pulse(s)

161

Module 2 GEL7014 162
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Effect of I1SI
input Waveform. w (1) Individual pulse response thurl\ ed v;uwmmL Wou (1)
sum ol pulse responses)
(R O B | | | H - :
SRR e
ey . ! -5 - f! | [ 1 :
1 | i
| ] j | | JCR
0 e b ] ;\| ;fq.: 0t f= sy [
i | |
| ) ! |
0 | \ | i‘ Inrc‘nymh‘olmterfﬂenuc “ } } | }
| | | | |
I — | |
IR
ks =0 [0 o= ° 0 00
R ¢ 7 (Y BRI a1 s SRR
N e S Lol=dadd
Sampling points Sampling points Sampling points
(transmitter clock) (recewer clock) (receiver clock)
163
Examples
Nyquist pulses
(t) 1 0<¢t<T
v(t)=
NRZ 0 ailleurs
sin(7¢/T)
i vit)=——F-
Sinc (=", )
Raised Cosine (RC)
Root Raised Cosine (RRC)
Module 2 GEL7014 165

Nyquist pulse =
[LITL

Definition

A Nyquist pulse goes through zero for all
sampling moments except =0

v(nT)=0 Vn=0

Nyquist impulses do not contribute to ISI

We can have a longer pulse, so it occupies less
bandwidth
We control the overlap

Module 2 GEL7014 164

164

Problem with square pulses

* Slow rolloff
* Large bandwdith
* Large side lobes

G(f)

Fourier transform

g(t)y=rect(t)=TI(t / 7)

T-sinc(nf 1)

Module 2 GEL7014 166

165

Spectral efficiency

The Nyquist pulse with the narrowest bandwidth
is v(£)=Sinc(#/T) with a bandwidth 1/2T

st
we
W\#\ O~\ V/Q width 1/T
e el
main lobe ‘d \)u\
width 27

t t t t
time L L frequency
21T 2r

Module 2 GEL7014 167

167

166

Band width

Minimum bandwidth for sending 1/7, symbols
per second is

Wy ==
o7,

R.Y
2
Maximum spectral efficiency is
2 symbols/s/Hz
Ty

Module 2 GEL7014 168
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BER Floor

1

\jvithout ISI

Bit error probability, Pg

-10 10 12
Ey/Ny (dB)
169
Compromise
Desirable impulses
Spectrally efficient
Avoids ISI
Practical implementation
robust to timing errors
Module 2 GEL7014 171
171

Raised Cosine  sincfunction

Impulsion lcosyzﬂf//?z
—-47°F [T,

rolloff factor

1-r
1 0<|f|<
Spectre |11 o
5| 7T, 1-r d}) 1+r
Vv =<cos” | —*| f——nr <|f|<—
) [Zr [f o7, H V<o
0 elsewhere
Module 2 GEL7014 173

Digital Communications

Chapitre 3
Raised Cosine pulses

Module 2 GEL7014 170

170

Raised Cosine

Pulse sin(74/T, ) cos(rmt/T,)
V()= oT. 1-4r2)T?

1-r
1 0<|fl<
Spectrum 171 7
T 1-r 1-r 1+r
V(f)=1cos?| Z| fo——L < r
(/) |:2r {f or, H a M<ap
0 elsewhere
Module 2 GEL7014 172

172

Plots of Raised Cosine

h(e)2Wo

Module 2 GEL7014 174

173

174
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Bit sequence

Module 2 GEL7014 175

175

Root Raised Cosine

not a Nyquist
pulse ...

Module 2 GEL7014 177

177

S :

Synehronization and Receivers

Module 2 Gmmo

Root Raised Cosine
Define
kac(f):\/VRc(f) ou V/ezkc(f):VRc(f)
Use H,(f)=H,(f)=Veee (/)
H[ (.f)Hy-(.f):VRZRL‘ (./‘.):ch (f)

Module 2 GEL7014 176

176

Demo Matlab

Root Raised Cosine

Module 2 GEL7014 178

178

@ Communications System Toolbox  Gommunizations System Taolbox Examples
Raised Cosine Filtering

This example shows the intersymbel interference (1S1) rejection capability of the raised cosine filter, and how to splitthe raised
cosine filtering between transmitter and receiver, using raised cosine transmit and receive filter Syster objects
comm RaisedCasineTransmitFilter and comm RaisedCosineReceiveFilter, respectively.

0n this page...

Ralsed Cosine Filter Spacifications

Pulse Shaping with Raised Cosine Filters
Roll-off Factor

Squars-Root Raised Cosine Filters

Computational Cost

Module 2 GEL7014 180

179

180
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Matilab Commands

randi generate bits randomly
comm.RaisedCosineTransmitFilter

generate a RC Filter with
rolloff and specified delay

step generate the filter output
for a given input

RRC also generated by rcosine

Module 2 GEL7014 181

181

Delay for a range of 6

T
_-i r‘_ input
. Low-
T pass t
YT T Transmit filter Receive
time time
Pulse support time
truncated with 4 sidelobes
three bit interval delay
Module 2 GEL7014 183
183
Impulse Response
* H H }
L3 >
08k : ; i i)
L
goit ]
<
02k :
PP Y LLl] 5 T T ‘éon...-
q[E S
o é 1IEI 1"5 ZIEI 2"5 3IEI 3"5 4IEI 4‘5
Samples
Module 2 GEL7014 185

Nsym = 6; % Filter span in symbol durations
beta = 0.5; % Roll-off fa
sampsPerSym = 8; % Upsampling factor
%
use
rcosFlt = comm.RaisedCosineTransmitFilter(...
'Shape’, 'Normal', ...
R ffFactor’, beta, ...
'FilterSpar mbols', Nsym, ...
'CutputSamplesPerSymbol', sampsPerSym)
Module 2 GEL7014 182
1', sampsPerSym)
Module 2 GEL7014 184
Impulse Response
T T
4 155 4
08 1 . H i
. 1
08 i e e g Y : : i
®
]
- *
S04 e ol 1
I
>
020 essene g 1 : ]
fip s LIPS . T- B FE 111N
i i i i i i i
a & 10 15 pi] 25 30 E 0 45
Samples
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0.51 1

>

Amplitude

I
o

0 5 10 15 20 25 30

données apres filtrage avec un délai

15F ]
AL j

0.5f .
0 N

Amplitude
S
A ”
g
| |

187

donnees apres filtragd

:; :; [
il

input interior output

X —— RCFilter —— yo

Module 2 GEL7014 189

188

) Raised Cosine Filtering Demonstration
Fle Edit View Insert Took Window Hel . . .
' Received signal after filtering at the
receiver

0

citis L L L L L
o &) 10 18 20 25 30
Time
E— —
This shide demonstiates a qucker way o fiter deta usng REOSFLT. When RCOSFLT is used without the
e type switch, it designs a filer and uses it to fiter the input data. This slide creates the same plot as
sids 3 but desions the rsised cosine fiter and generates the fitered strsam in ones command

Amplitude

% Design and fie:.

w02, 102] = rcasfly. Fd. Fs. nomaldfir. A Delayl:
stemie, % k) hold on: Flot data
ploilta?, yo2, -] hold off; ot fiered data

([0 3016 1.6]): wlabel(Time'): plabellAmpliude’), 7% Set aves and abels

Module 2 GEL7014 190

189

sgrtRcosRxFlc
'Shape’',

'RolloffFact
'FilterSpanIn

sampsPerSym,
1):

ter at the receiver.

vr = step(sgrtRcosRxFlt, [vc; zeros(Nsym*sampsPerSym/2, 1)1);
rect for propagation del filter trar ts
yr = yr (fltDelay*Fs+l:end);

v by remo

Module 2 GEL7014 191

191

190

0sr 1

{=]

Amplitude

=
o
T
L

—¢ Transmitted Data
A Sort. Raised Cosine
L L

1} 5 1 15 20 28
Time (ms)

Module 2 GEL7014 192
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Matlab, 2

X —— RCFilter —— YO

X — RRC Filter —— RRC Filter — YO

Module 2 GEL7014 193
193

Homework ]

randseq reosfit awgn reosfit ==

bruit 2
données filtre e filtre N\
RRC RRC / N\
/ N
stem

/
plot
eyediagram

randseq reosfit awgn
bruit
données filtre RC 9 A
/
// stem
Module plot
eyediagram

195

Noise

Add noise in Matlab

signal plus_bruit
= AWGN (signal_sans_bruit,SNR_en_dB,'measured')

X — RRCFilter RRC Filter — YO

Module 2 GEL7014 194

194
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