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Module 3

Modulation

Modulation

• Motivation
• Many modulation formats
 PSK, FSK, ASK, QAM

• Important criteria
 Spectral efficiency
 BER vs. SNR
 Complexity (Cost)

Demodulation / Detection

• Two types
 Coherent detection
 phase of the carrier known to the receiver
 optimal receptor: correlator
 Gaussian noise

 Noncoherent detection
 carrier phase unknown at receiver
 optimal receiver : power detection

(envelope detection)
 non-Gaussian noise

Topics covered

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4)

• Probability of error & the union bound 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Minimum spacing for M-FSK (Sec. 4.5.4)

• Gray code (Sec. 4.9.4)

Signal space

• Binary case
 Signal space - with good normalization
 Distance between the two bits
 Probability of error

• M-ary Case
 Signal space
 Distance between symbols

OOK vs. BPSK

• OOK:  s1(t) NRZ, s0(t) =0

• BPSK:  s1(t) NRZ, s0(t) = s1(t) 
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Error probability
Error probability for BPSK and OOK

signal-to-noise ratio

GEL7114

Modulation formats

Topics covered, Part 1

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4)

• Probability of error & the union bound 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Gray code (Sec. 4.9.4)

Carrier

• Base band
 no carrier
 positive frequencies bandwidth

• Pass band
 with carrier
 bandwidth twice the base band

Modulation

• Reasons for carrier modulation
 Antennas, FDMA, etc.

• Signal space analysis
 Valid for carrier modulation 
 Basis vectors take into account modulation

 Often
 Parties in-phase et quadrature

   1 0 2 0cos sint t    

• Phase shift keying

• Typically
• E energy/symbol, T symbol time
• Typically
• Example:  Antipodal (BPSK)

    0

2
cos 0i

E
s t t t t T

T
    

PSK



bEbE

2
1,2, ,i

i
i M

M

   

   1 0 2 0cos sint t    

2 dimensional space no matter how many 
symbols you have
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M-PSK

2

M


• Same distance from 

origin for the entire 
constellation

•
• Impact of larger M???

FSK

• Frequency 
shift keying

• i are M distinct frequencies
• E energy/symbol, T symbol time
• Typically
• Typically M is a power of 2

   2
cos 0i i

E
s t t t T

T
    

   1cos 0M
i i it   

espace de dimension M

3-FSK

• Number of 
frequencies M

• Dimension of space is 
M

• Impact of larger M 
???

ASK = PAM

• Amplitude shift keying

• Typically discrete levels
• Example:  OOK
• Not high performance, so less popular

  2
cos 1,2, ,i

i c

E
s t t i M

T
  

QASK

bEbE

• Symbols are NOT at the same distance to the origin
• Impact of larger M ???

3 5sE 5sE 3 5sE5sE

3 2 5bE 2 5bE 3 2 5bE2 5bE

One dimensional space no matter the 
number of symbols APK or QAM 

• Amplitude-phase modulation or 
Quadrature amplitude modulation

• Discrete levels
• Very BW efficient

    0

2
cos 1,2, ,i

i i

E
s t t t i M

T
    

   1 0 2 0cos sint t    

2 dimensional space no matter how many 
symbols you have

unequal energies
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QAM

M=4

M=8
M=16

M=32
M=64

Plan

• Modulation
 PSK
 FSK
 ASK
 QAM

• Scenarios
 Binary
 M-ary
 Coherent detection
 Noncoherent detection

Part 1

• Modulation
 PSK
 FSK
 ASK
 QAM

• Scenarios
 Binary
 M-ary
 Coherent detection
 Noncoherent detection

Error probability already calculated 
with signal space analysis

Coherent detection

• Definition
• Modulations that use
 PSK, FSK

• Form of receiver for binary case

Part 2

• Modulation
 PSK
 FSK
 ASK
 QAM

• Scenarios
 Binary
 M-ary
 Coherent detection
 Noncoherent detection

Error probability will be calculated with 
the union bound

Part 3

• Modulation
 PSK
 FSK
 ASK
 QAM

• Scenarios
 Binary
 M-ary
 Coherent detection
 Noncoherent detection

Error probability will be calculated with 
non-Gaussian noise
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Manipulations in signal space

quaternary examples

Signal space

• Symbols, received signal, and noise 
 Vectors in an orthonormal basis
 Collection of basis vectors i

 Example

• Modulus squared of vector
 Signal energy

 
   

1 2 N

i i

s s s s

s s t t dt



 


Examples
How should we look at these geometries?

Examples – antipodal, BPSK

Examples – orthogonal, BFSK Examples – antipodal, QPSK
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Examples – orthogonal, QPSK Examples - rotation

Examples - translation Binary examples – Chapter 3

• OOK• Antipodal


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Binary examples (2)

• BPSK • BFSK
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    

 

Minimum distance

• Definitions

 closer signals => more errors

• Average energy

• Energy per bit vs. energy per symbol

min min i k
i k

D


 s s

 2

1 1

1 1
energy of signal 

M M

s moy i
i i

E E i
M M 

   s

2logb sE M E

min
min

2 b

D
d

E


normalization is critical !
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Examples

2 2

1 2

1 2

min 2

b

moy b b

E

E E D E

 

 

 

s s

s s

normalization is critical !

Examples
2 2

1 2 1 2

min 2

b

moy b b

E

E E D E

  

 

s s s s

min 2 bD E

Examples

2

1 2 3 4

1 3 2 4

min

2 2

2 2

i b b moy

moy b b

E E E

E E D E

    

   

 

s s s s s

s s s s

min 2 bD E

min 2 bD E

Examples

min 2 bD E

min 2 bD E min 2 bD E

Rotation – no change

2

1 2 3 4

1 3 2 4

min

2 2

2 2

i b b moy

moy b b

E E E

E E D E

    

   

 

s s s s s

s s s s

min 2 bD E

min 2 bD E min 2 bD E

Translation – we have to re-normalize

 ¼ 0 4 4 8

4 2   !!!!

2  au lieu de 2  

moy b b b

b moy b

b b

E E E E

E E E

E E

   

  

min 2 bD E

min 2 bD E min 2 bD E
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Translation – we have to re-normalize

2 bE

2 bE

2 bE ¼ 0 2 2 4

2

moy b b b

b

E E E E

E

   



min 2 bD Emin 2 bD E

min 2 bD E

min 2 bD E

Translation – we have to re-normalize

2 bE

2 bE

2 bE ¼ 0 4 4 8

4 2

2 2

moy

b

b

E E E E

E E

E E

   

 


min 2 bD E

min 2 bD Emin 2 bD E

min 2 bD E

 ¼ 0 2 2 4

2

moy b b b

b

E E E E

E

   



“Best” Translation

maximize Dmin

minimize Es

Examples

2 bE

2 bE

min 2 bD E

min 2 bD E

min 2 bD E

min 2 bD E

min 2 bD E
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Test statistics

Challenges for M-ary cases

• Choosing the symbol 
 MAP most probable (a posteriori), and

ML most likely 
 determines the form of the receiver
 determines the decision algorithm in the receiver

• Analyzing the performance 
 exploit the results for the binary case
 exploit the geometric interpretation of the receiver

43 44

45 46

47 48
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Receivers

• Maximizes a posteriori probability 
(with a priori information) 
 i that minimizes 

• Maximizes the likelihood ratio
 i that minimizes 

 2

0 lni iN P r s s

2

ir s

Receivers

• MAP
 i that minimizes  

• ML
 i that minimizes 

 2

0 lni iN P r s s

2

ir s

 22

0 n2 l, ii iN P r sr s s

22
2 , i i r s sr

Receivers

• One branch for each 
of M symbols

• One branch for each 
of N basis vectors

NM

 22

0 n2 l, ii iN P r sr s s

Receivers

• One branch for each 
of M symbols

• One branch for each 
of N basis vectors

NM

 22

0 n2 l, ii iN P r sr s s

Receivers

• M correlations via 
integrals

• N (M) correlations to 

find 

 22

0 n2 l, ii iN P r sr s s

,
1

,
N

j ii j
j
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
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   
0

,
T

i ir t s t dt r s

 
1

N

j j
r



Receivers

• One branch for each 
of M symbols

• One branch for each 
of N basis vectors

NM

 22

,
1

n

i j i j
j

r s


  r s
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Receiver vs. modulation format

• MPSK
 two branches: in-phase et quadrature

• MFSK
 M branches: one for each symbol
 basis vector = symbol
 orthogonal modulation

• QAM
 two branches: in-phase and quadrature

Receivers

• One branch for each 
M symbols

• Two branches

orthogonal modulation

MFSK

MPSK
QAM

cos(t)

2

sin(t)

orthogonal modulation

non-orthogonal modulation
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Decision regions

Topics covered, Part 1

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4)

• Probability of error & the union bound 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Gray code (Sec. 4.9.4)

Decision algorithms

• Geometric interpretation
 To reduce the complexity of the decision algorithm
 To provide an intuition of how the receiver works

• i that minimizes

 Equivalent to choosing the nearest symbol 
 Regions can be determined in advance to simplify the receiver

2

ir s

Decision regions

s3

s1

s2

s3

s1

s2

Constellation (equal energies) Perpendicular bisector 
between s1 and s2

How to choose the nearest symbol directly from 
vector received?

55 56
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Decision regions

perpendicular bisector 
between s1 and s3

perpendicular bisector 
between s3 and s2

s3

s1

s2

s3

s1

s2

Decision regions

régionsbissecteurs perpendiculaires 

s3

s1

s2

How to choose the nearest symbol directly from 
vector received?  regions

M-PSK

2

M



MPSK receiver

calculate
2

ir s

MPSK receiver MPSK receiver

“slicer”, i.e., compare with 
thresholds

̂
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Challenges for M-ary cases

• Choosing the symbol 
 MAP most probable (a posteriori), and

ML most likely 
 determines the form of the receiver
 determines the decision algorithm in the receiver

• Analyzing the performance 
 exploit the results for the binary case
 exploit the geometric interpretation of the receiver

Pe from the signal space

• What can we learn from the binary case?
 Signal space: two points


s1 s2

binary case

Decision regions


s1 s2

binary case

Received vector



r

s1 s2

binary case

Noise contribution

• Region two  choose s2, no error



r

s1 s2

n1 1

binary case

Another possibility

• Region one  choose s1, error



r

s1 s2

n1 1

binary case

67 68
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Errors

• When does an error occur?  
• When the noise vector exceeds the bisector …



s1 s2

n1 1

1 1 2

1

2 2

D
n   s s

binary case

How to calculate Pe for the M-ary 
case now that we have the 
decision regions?

Minimal distance 

• Definition

 closer signals => more errors

min min i k
i k

D


 s s min
min

2 b

D
d

E

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Union bound

Topics covered, Part 1

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4)

• The union bound & the probability of error 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Gray code (Sec. 4.9.4)

QPSK

• Quadrature phase shift keying

• E energy/symbol, T symbol time
• Basis vectors

• Decision regions – four quadrants

    0

2
cos 0i

E
s t t t t T

T
    

3
0, , ,

2 2i

    
 

   1 0 2 0cos sint t    
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Union bound
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Union bound
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Union bound

• Error probability dominated by the 
nearest points

• K is the number of pairs of symbols 
separated by the minimum distance Dmin

min
min

00

2 2
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b

e

EK D K
P Q Q d

M M NN
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D
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QPSK
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• K=4
• M=4

0

2
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E
P Q
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QPSK
• Error probability coming from the union bound

• Approximation

• Exact error probability
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Union bound

• Error probability coming from the union 
bound

• K is the number of pairs of symbols 
separated by the minimum distance Dmin
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M-PSK Case

Topics covered, Part 1

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4)

• Probability of error & the union bound 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Gray code (Sec. 4.9.4)

M-PSK
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i i
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min 2D

M
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M-PSK

sE

min 2D

M

 min min

side opposite
sin

hypotenuse

2

2s s

M

D D

E E




 

min

2

2sin

2sin log

s

b

D E
M

E M
M









M-PSK

min

2

2 sin

2 log sin

s

b

D E
M

E M
M









min

0

2

2
e

DK
P Q

M N

 
   

 

M-PSK
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 MPSK receiver & Pe
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GEL7114

M-FSK Case

Topics covered, Part 1

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4)

• Probability of error & the union bound 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Gray code (Sec. 4.9.4)

97 98

99 100
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M-FSK
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• All symbol pairs are at the minimal distance 
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MFSK receiver & Pe
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BER curve

• Typical behavior
• Error probability 

versus SNR

Orthogonal 
M-ary  
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Non-orthogonal M-PSK 

  2

0

2 log
2 sinb

e

E M
P M Q

N M

 
  

 
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QAM

Chapter 9, section 9.8.3

Topics covered, Part 1

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4, 9.83)

• Probability of error & the union bound 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Gray code (Sec. 4.9.4)

Average energy

• Average energy

• Energy varies from symbol to symbol for QAM

 2

1 1

1 1
énergie du signal 

M M

s moy i
i i

E E i
M M 

   s

Coordinate systems

• Signal space
 Normalization to ensure the distance to the 

origin corresponds to the signal energy 

• I/Q space
 Simple coordinates for chosen geometry

• Difference between these spaces… 
 … a normalization

109 110

111 112

113 114
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Example: QPSK

s3

s1s2

s4
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I/Q space

• MQAM – arbitrary constellation
• Re-normalization of the signal space
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Examples

 16QAM  
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Examples

 16QAM  
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Examples

 16QAM  
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Examples

 16QAM  


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Examples

•      16
, , ,

160 10
I Q I Q I Qs s
n n n n n n

E E
a a a a a a  

Minimal distance 

• Distance between points 
 (1,1) and (-1,1)  or



• Thus





min 2
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sE
D 

   1,1  et 1,1  
10 10

s sE E


2log 16 4
s s

b

E E
E  

Number K

• Counting pairs at the minimal distance 

24 pairs
3 pairs  times 
4 rows = 12

3 pairs  times 
4 columns = 12

Pe of 16QAM

• Union bound
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L2=M Square QAM

• For Square QAM


• The coordinates in signal space 



• Minimal distance 



    , 1, 3, , 1  paireI Q
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12 1 2 1
b

s b

E L
E E L
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 

L2=M Square QAM

• Number of neighbors at the minimal distance 
 L-1 pairs per row times L rows
 L pairs per column times L-1 columns
 Total of 2L(L-1) pairs

• Estimate of the error probability
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L2=M Square QAM

• Normalized minimal 
distance  

• Estimate of the error probability

2 2
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L2=M Square QAM

• Approximation (Union bound)

• Exact result for rectangular case (square)
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Performance vis-à-vis QPSK

QPSK as a reference

• Easy approach to compare modulation 
formats

• QPSK a reference
• Quantification of loss against a well-

known reference

Union bound & QPSK

• QPSK
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MQAM receiver & Pe

• Form of receiver

• rectangular case (square)

•
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Comparison

• Cost of enlarging the constellation

 QPSK 

 16QAM

 loss 
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• Cost of enlarging the constellation
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Comparison

• Cost of enlarging the constellation

 QPSK 

 256QAM

 loss 
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Example

• QPSK needs                

to reach Pe=10-5

• 256 QAM needs
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-3  
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-1

-1  
 huit points, ou  quatre points 

 
a. Trouvez la distance minimale (Dmin) et distance minimale normalisée 

(dmin) pour le cas de huit (voir problème 4b) et de quatre points.   
b. Pour  0 1013dB 10log 19.95bE N   , trouvez la probabilité d’erreur pour 

les  trois constellations. 
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QPSK vs
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Pe Square QAM

• Union bound

• Per Sklar

• Pe exact
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          

2

0

3log1
4 1

1
b

e

EM
P Q

M NM

          

chapter 9
pp. 563-572

Probability 
of error
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Examples

MPSK coherent receiver

• Form of 
receiver

  2

0 0

2 2 log
2 sin 2 sins b

e

E E M
P M Q Q

N M N M

    
    

   

MPSK coherent receiver

• Form of receiver

      2

0 0

log
1 1s b

e

E E M
P M M Q M Q

N N

   
      

   

MQAM receiver & Pe

• Form of receiver

• rectangular case (square)

• general case

•

 
2

0

3log1
4 1   

1
b

e

EM
P Q

M NM

           

min
min

00

2 2

2
b

e

EK D K
P Q Q d

M M NN

   
        

1. Considérons la constellation 8QAM donnée dans la figure suivante.  

 
a. Quelles sont les coordonnées des symboles (dans l'espace du signal) quand 

tous les symboles ont la même probabilité?    
b. Trouvez la probabilité d’erreur en utilisant l’approximation venant de la borne 

d’union.   
c. Asymptotiquement, est-ce que cette configuration a une meilleure probabilité 

d’erreur que la constellation suivante? Pourquoi? 

1

1

-1

-1

3-3

 

1

1

-1

-1

1 3

1 3

 1 3

 1 3
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3

1 3

1

-1-3

-1

-3  
1

1

-1

-1  
 huit points, ou  quatre points 

 
a. Trouvez la distance minimale (Dmin) et distance minimale normalisée 

(dmin) pour le cas de huit (voir problème 4b) et de quatre points.   
b. Pour  0 1013dB 10log 19.95bE N   , trouvez la probabilité d’erreur pour 

les  trois constellations. 

min

min
min 2

2
2 2

2

b

bD E

D

E
d



  

min
0

2 b
e

EK
P Q d

M N

 
  

 

1. Considérons la constellation 8QAM donnée dans la figure suivante.  

 
a. Quelles sont les coordonnées des symboles (dans l'espace du signal) quand 

tous les symboles ont la même probabilité?    
b. Trouvez la probabilité d’erreur en utilisant l’approximation venant de la borne 

d’union.   
c. Asymptotiquement, est-ce que cette configuration a une meilleure probabilité 

d’erreur que la constellation suivante? Pourquoi? 

1

1

-1

-1

3-3

 

1

1

-1

-1

1 3

1 3

 1 3

 1 3

1. Pour une ligne de téléphone nous utilisons 16QAM NON-rectangulaire avec une 
porteuse à 1700 Hz, un taux de transmission de symbole de R=2400 Hz, pour un 
taux binaire de 9600 b/s.  (C’est une version simplifiée de v.29 modem.)  Les 
coordonnées de la constellation dans l’espace I/Q sont  (1, 1)  (3, 3)  (0, 3)  
(3,0)  (0, 5)  (5,0) 

 

3

1 3

1

-1-3
-1

-3

5

-5

-5 5

 
Trouvez  

a. La probabilité d’erreur 
b. La bande de fréquence utilisée pour un filtrage idéal de Nyquist   
c. La bande de fréquence utilisée pour filtrage RC, r=.3 (largeur de bande en 

excès)   
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Noncoherent detection

Topics covered, Part 1

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4)

• Probability of error & the union bound 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Gray code (Sec. 4.9.4)

Part 3

• Modulation
 PSK
 FSK
 ASK
 QAM

• Scenarios
 Binary
 M-ary
 Coherent detection
 Noncoherent detection

Error probability will be calculated with 
non-Gaussian noise

Noncoherent detection

• Definition
• Modulations used
 FSK; DPSK

• Form of receiver

PSK or QAM

• Phase modulation or Quadrature 
amplitude modulation

    0

2
cos 1,2, ,i

i i

E
s t t t i M

T
    

   1 0 2 0cos sint t    

Motivation for BPSK

   
 0 0

cos cos .5cos .5cos

cos cos

     

  

   

 

phase unknown

157 158

159 160

161 162
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Motivation for BPSK

   
     0 0 0

cos cos .5cos .5cos

cos cos .5cos 2 .5cos

     

     

   

      

impact of unknown phase

Motivation – with data

   
     0 0 0

cos cos .5cos .5cos

cos cos .5 cos 2 .5 cosd d d

     

     

   

      

eliminate with filtering

Motivation – with data

   
     0 0 0

cos cos .5cos .5cos

cos cos .5 cos 2 .5 cosd d d

     

     

   

      

data easily visible...
when the phase error is zero

 .5 cosd 

.5d

Motivation

   
     0 0 0

cos cos .5cos .5cos

cos cos .5cos 2 .5cos

     

     

   

      

solutions for arbitrary phase (without a PLL) ???

GEL7114

DPSK

DPSK

• Reducing the cost of receiver by avoiding 
phase tracking

• Phase that's slowly changing
 Compared to the bit rate

• Information coded in the phase difference
from one symbol to another

163 164

165 166

167 168
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Form of receiver

instead of …

“self-reference 
frequency/phase”

Phase difference

• Data is phase 

Phase difference

• Rappel:     2cos cos cos cos        

   
   

   
 

0 0 1

0 0 1 0 1 0

0 1 1

1

2cos cos

cos cos

cos 2 cos

cos

k k

k k k k

k k k k

k k

t t

t t t t

t

   

       

    

 



 

 



 

       

      
 

signal received “self-reference”

Phase difference

• Rappel:     2cos cos cos cos        

   
   

   
 

0 0 1

0 0 1 0 1 0

0 1 1

1

2cos cos

cos cos

cos 2 cos

cos

k k

k k k k

k k k k

k k

t t

t t t t

t

   

       

    

 



 

 



 

       

      
 

double-frequency 
terms are filtered

Phase difference

• Recall:     2cos cos cos cos        

   
   

   
 

0 0 1

0 0 1 0 1 0

0 1 1

1

2cos cos

cos cos

cos 2 cos

cos

k k

k k k k

k k k k

k k

t t

t t t t

t

   

       

    

 



 

 



 

       

      
 

information
logical 0: phase change
logical 1: no phase change

Phase difference

• Noncoherent case

   
   

 

0 0 1

0 0 1 0 1 0

0 1

2cos cos

cos cos

co 2s 2

k k

k k k k

k k

t t

t t t t

t

 

 

   

        

  



 



 

       



 

   

     
 

1

1

cos

cos

k k

k k

 

 





 

 
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Pre-coding

• Information in the phase difference
• m(k) symbol for interval kTs

• c(k) pre-coded symbol for interval kTs

• Two types of pre-coding 

     1c k c k m k  

     1c k c k m k  

Transmission

     1c k c k m k  

Transmission k=1

     1 1 1 0 1c k c k m k      

Transmission k=2

     1 1 1 0 1c k c k m k      

Transmission k=3

     1 1 0 1 0c k c k m k      
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Transmission k=4

     1 0 1 1 0c k c k m k      

Form of receiver

phase unknown, noncoherent detection

Reception

    1cos k km k    

Reception k=1

         1cos cos 1k km k          m 1

Reception k=2

         1cos cos 1k km k          m 2

Reception k=3

         1co 10s cosk km k          m 3
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Reception k=4

         1 0cos c 10osk km k         m 4

Form of receiver

phase unknown

phase known
optimal receiver

Calculating Pe

• Gaussian noise is multiplied

• Result is a non-Gaussian noise

noise (t)

noise (t-T)

noise (t)  noise (t-T)

DPSK

• BER for noncoherent receiver
 A little (~1dB) worse than BPSK/QPSK

• BER for optimal receiver

0
1

2
bE N

eP e

0 0

2 2
2 1b b

e

E E
P Q Q

N N

    
     

     

  2 21

2
xQ x e

x 

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M-FSK noncoherent

MFSK coherent receiver

• Form of receiver

    2

0

log
1 b

e

E M
P M M Q

N

 
   

 

phase known
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MFSK – noncoherent

phase unknown

MFSK – noncoherent

Envelope detector Envelope detector

• Sortie  

 

 

1 1

2 2

2
 envoyé         bruit

2
 envoyé      bruit

b

b

E
s z t

T

E
s z t

T

 

 

choisir 
le plus 
grande

Noise in envelope detector

• no signal  Rayleigh noise
2
1

221
12

1 2

1

          (0 )( )

0                      ( 0)

z
z

e zp z s

z   





 
  

 

    
 

Noise in envelope detector

• no signal  Rayleigh noise
2
2

222
22

2 1

2

          (0 )( )

0                      ( 0)

z
z

e zp z s

z   





 
  

 

    
 
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Noise in envelope detector

• with signal  Rician noise
2 2
1

221 1
0 12 2

1 1

1

20( )

0 0

z

b
z z Ee I zp z s

T
z   


 

 

 
  

 
         
 

 
2

cos
0

0

1

2
xI x e d


 


 

Rician PDF

K




Rayleigh 
pdf

Conditional densities

• Pr(z1|s1) Rician with 

• Pr(z1|s2) Rayleigh

• Pr(z2|s1) Rayleigh

• Pr(z2|s2) Rician with 

2 bE

T
 

2 bE

T
 

BER

   
 

   

   
2

1 2 1 1 2 2

1 2 2

2 2 1 2 2 2 2

0

2 2 1 2 1 2

0

1 1
Pr Pr

2 2

Pr

Pr ,

e

z

P z z s z z s

z z s

p z s z z s z dz

p z s p z s dz dz



 

   

 

 

 
  

  



 

BER (2)

   
2

2

2 2 2
2 1

2 2

2

2 2
0

2 2 1 2 1 2

0

1 2

0

2 22 2 1
0 1 22 2 2

0

24

Rice Rayleigh 

1 1

2 2
b

e

z

z

z z

z

E N

P p z s p z s dz dz

dz dz

z z z
e I e dz dz

e e


 

 


  

 

 

           
   



 
  

  
 

  
  

           

 

 

 

 

Noncoherent FSK

• BER for noncoherent receiver
 A little (~1dB) worse than coherent MFSK

 noncoherent

 coherent

021

2
bE N

eP e

0

b
e

E
P Q

N

 
  

 
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Coherent vs.
noncoherent

• BPSK coherent

• DPSK noncoherent

• BFSK coherent

• BFSK noncoherent
02.5 bE N

eP e

0.5 bE N
eP e

 02 bQ E N

 0bQ E N

Bit error probability
vs.

Symbol error probability

GEL7114

Topics covered, Part 1

• Modulation formats (Sec. 4.2)

• Decision regions for Coherent detection (Sec. 4.3, 4.4)

• Probability of error & the union bound 
(course notes, Sec. 4.7.1, 4.7.3, 4.8, 4.9)

• Noncoherent detection & 
Probability of error for DPSK and M-FSK 

(Sec. 4.5.1-4.5.3, 4.7.4-4.7.6)

• Gray code (Sec. 4.9.4)

Pb vs. Ps

• Symbol error probability is what we have 
discussed so far (Pe)

• For bit error probability we have to 
consider how bits errors occur …

Orthogonal modulation

• Equidistant symbols
• Ps = probability of symbol error

 

     
0

1

0 1 0
1

Pr  received in error

1

s

M

i
i

P s

p s s M p s s






  

 
1

s
i j

P
p s s

M




Symbol vs. bit error

• M symbols with
• Focus on kth bit
 One of the M symbols is the correct symbol

M-1 symbols are incorrect

 How many of the M-1 incorrect symbols 
have the same bk as the correct symbol?

• M/2 -1

21 logk Mb b b   

205 206

207 208

209 210
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1
2 1 b

s P
PM

M
      

   1 0 1 0

no error  bit  bit in error

1
2 2

th th

s

k k

M M
P p s s p s s

    
    

 
1

s
i j

P
p s s

M


 Orthogonal modulation

2 1 2 1 2
s s s

b

P P PM M
P

M M
   

 

Non-orthogonal modulation

• Symbols not necessarily equidistant from each 
other

• Error probability dominated by the nearest 
symbols

• Ensure that the closest symbols do not induce 
significant bit changes…  Gray Code

Grey Code

• Motivation

count in binary

Grey Code

• Motivation only one bit 
changes

averting a disaster

count in binary Gray code

Grey Code
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215 216
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Grey Coding

2

1
log

s
b s

P
P P

M
 

GEL7114

Minimum spacing for 
M-FSK
Section 4.5.4

Topics covered, part 2

• Minimum spacing for M-FSK (Sec. 4.5.4)
• Spectral efficiency (Sec. 9.7, 9.7.1-9.7.6)
• SNR vs. Eb/N0 (Sec. 3.14, 3.15)
• Channel capacity (Sec. 9.4, 9.4.1)
• Spectral efficiency plan (Sec. 9.6)

Orthogonality

• Assumption for MFSK




• Error probability analysis
 noise alone in the branch without signal, i.e., 

• How to insure orthogonality? What choice of 

 cosi it 

, 0i j i j   

   cos ,cos 0i jt t  

i j 

Noncoherent BFSK detection

   1 20
cos 2 cos 2

T
f t f t dt  
       1 2 1 20 0
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f t f t dt f t f t dt       

   

   

1 2 1 20

1 2 1 20

cos cos 2 cos 2

sin sin 2 sin 2

T

T
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  

  

     

     




Noncoherent BFSK detection
   

   

1 2 1 20

1 2 1 20

cos cos 2 cos 2

sin sin 2 sin 2

T
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t f f t f f dt

t f f t f f dt

  

  
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 


 

 


 

  
     
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 
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2 2
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1
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1

f f f f

f f
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f f

f f f fT

f

T

f f f

 


 

 


 

  
     
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  

   
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Noncoherent BFSK detection

 1 2
1 2

1
1 0

2
f f

f f
   


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

 

 

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  
     

    
  

   

for 
orthogonality

Noncoherent BFSK detection

   
 

1 2 1 2

1 2

cos sin 2 sin cos 2 1
0

2

f f f fT

f

T

f

   



       



 1 2 1 22 2 0
n

T f f n f f n
T

      

sin = 0
cos = 1

Coherent BFSK detection

 1 2 1 22 0
2

n
T f f n f f n

T
      

   
 
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cos sin 2 sin cos 2 1
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0T Tf f f f
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   


       




 
 

1 2
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sin 2
0

2

fT f

f f









BFSK Detection

1 2 0
2

n
f f n

T
  

coherent

1 2 0
n

f f n
T

  

noncoherent
minimal separation

1 2

1
f f

T
 

1 2

1

2
f f

T
 

noncoherent

coherent

Noncoherent FSK

f1 f2

1/T

 1sincT f f T

 2sincT f f T

rectangular pulse in time

Coherent FSK

 1sincT f f T

 2sincT f f T

f1 f2

1/2T

rectangular pulse in time

223 224

225 226

227 228



39

f1 f2

(M+3)/2T

fM

rectangular pulse in time

2/T

1/2T

Coherent MFSK GEL7114

Spectral efficiency
Sections 9.7, 9.7.1-9.7.6

Topics covered, part 2

• Minimum spacing for M-FSK (Sec. 4.5.4)
• Spectral efficiency (Sec. 9.7, 9.7.1-9.7.6)
• SNR vs. Eb/N0 (Sec. 3.14, 3.15)
• Channel capacity (Sec. 9.4, 9.4.1)
• Spectral efficiency plan (Sec. 9.6)

BW Efficiency

• Definition 1 1

b

R

W T W
   Ts = Tb log2M

• used to compare modulations
• assumes that the signal occupies the 

smallest possible BW

Most bandwidth efficient 
Nyquist pulse 

• v(t)=Sinc(t/T)

1

s

W
T



f1 f2

(M+1)/2T

fM

ideal Nyquist pulse

1/T

1/2T

Coherent MFSK
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BW efficiency

• Definition

• Coherent MFSK
 Each symbol sent on an independent 

frequency range
  W=(M+1)/2Ts

1 1

b

R

W T W
  

2
MFSK

2log
 b/s/Hz

1

M

M
 



Ts = Tb log2M

f1 f2

M/T

fM

(ideal Nyquist pulse)

1/T

1/T

Noncoherent MFSK

BW efficiency

• Definition

• MFSK noncoherent
 Each symbol sent on independent frequency 

ranges
  W=M/Ts

1 1

b

R

W T W
  

2
MFSK

log
 b/s/Hz

M

M
 

Ts = Tb log2M

BW efficiency – MFSK

8FSK
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sT

1

sT

1
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1

sT

1

sT

1

sT
1

sT

1

sT

1

sT

1

sT
1

sT

1

sT

Ts = Tb log2M

BW efficiency – MFSK

8FSK

QFSK

BFSK 1

bT

1

bT

1

sT

1

sT

1

sT

1

sT

1

sT

1

sT
1

sT

1

sT

1

sT

1

sT
1

sT

1

sT

Ts = Tb log2M

BW efficiency – MFSK

8FSK

QFSK

BFSK 1

bT

1

bT

1

sT

1

sT

1

sT

1

sT

1

sT

1

sT
1

sT

1

sT

1

sT

1

sT
1

sT

1

sT

Ts = Tb log2M

W=M/Ts

2
MFSK

log
 b/s/Hz

M

M
 
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GEL7114

Spectral Efficiency of MPSK
Sections 9.7, 9.7.1-9.7.6

Topics covered, part 2

• Minimum spacing for M-FSK (Sec. 4.5.4)
• Spectral efficiency (Sec. 9.7, 9.7.1-9.7.6)
• SNR vs. Eb/N0 (Sec. 3.14, 3.15)
• Channel capacity (Sec. 9.4, 9.4.1)
• Spectral efficiency plan (Sec. 9.6)

BPSK

• RI = 1/T

 BWBPSK = 1/T

binary data

données partagées

BPSK

QPSK

QPSK

• RI = 1/2T

 BWI = 1/2T

• RQ = 1/2T

 BWQ = 1/2T

• RQPSK = 1/T

 BWQPSK = 1/2T

binary data

données partagées

BPSK

QPSK

same bit rate

QPSK vs. BPSK

• Bandwidth

 BPSK:  BW = 1/T (ideal pulse)
 QPSK:  BW = 1/2T (ideal pulse) 

• Very similar performance

  2

0 0 0

2 2 2
QPSK 2 2b b b

e

E E E
P Q Q Q

N N N

     
       

     

twice the
Pe of BPSK

BW efficiency

• Definition
• BPSK
 BW = 1/Tb (ideal pulse)

  = 1 b/s/Hz

• QPSK
 BW = 1/2Tb (ideal pulse) 

  = 2 b/s/Hz

bR

BW
 
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MPSK – Bandwidth

• Always cos & sin branches
 same bandwidth covered in each branch

 time of a symbol = log2M  Tb

• Bandwidth efficiency

 BW = 1/Ts = 1/Tb log2M (ideal pulse) 

  = log2M b/s/Hz

BW efficiency – MPSK

BPSK
I

Q

1 1 0 10 00 1

W

Ts = Tb log2M

BW efficiency – MPSK

BPSK
I

Q

1 1 0 10 00 1

W

W5
4
 3

4
4


3
4


Ts = Tb log2M

BW efficiency – MPSK

BPSK
I

Q

1 1 0 10 00 1

1 1 0 10 00 1

8PSK
I

Q
9

8



3
8


W

W

W

5
4
 3

4
4


3
4


Ts = Tb log2M

MPSK – Pe et 

• Efficiency
  = log2M b/s/Hz

• Error probability
 Minimal distance 

 Neighbors at the minimal distance  K=M



2 sinmin sD E
M




  2
0

2
2 sin logb

e

E
P M Q M

N M

 
  

 
QPSK

loss compared to 
QPSK

MPSK : M=8,16

• Pour M =8  = 3 b/s/Hz
 loss compared to QPSK

• Pour M = 16  = 4 b/s/Hz
 loss compared to QPSK

 
2

10 2 1010log sin log 8 20log .66 3.58dB
8

    
 

 
2

10 2 1010log sin log 16 20log .39 8.18dB
16

    
 
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MPSK

BPSK
I

Q

1 1 0 10 00 1

1 1 0 10 00 1

8PSK
I

Q
9
8


3

8



W

W

W

5
4
 3

4
4


3
4


BPSK
I

Q

1 1 0 10 00 1

5

4


3
4


4

 3
4


W

W

W

fixed bit rate

MPSK

BPSK
I

Q

1 1 0 10 00 1

1 1 0 10 00 1

8PSK
I

Q
9
8


3

8



W

W

W

5
4
 3

4
4


3
4


BPSK
I

Q

1 1 0 10 00 1

5

4


3
4


4

 3
4


W

W

W

1 bit

2 bits

3 bits
fixed bit rate fixed bandwidth

GEL7114

Contrast: FSK/QAM/PSK
Sections 9.7, 9.7.1-9.7.6

Topics covered, part 2

• Minimum spacing for M-FSK (Sec. 4.5.4)
• Spectral efficiency (Sec. 9.7, 9.7.1-9.7.6)
• SNR vs. Eb/N0 (Sec. 3.14, 3.15)
• Channel capacity (Sec. 9.4, 9.4.1)
• Spectral efficiency plan (Sec. 9.6)

MPSK vs. MFSK

BW increasing,
bit rate increasing

BW constant,
bit rate increasing

MPSK MFSK

MFSK vs. MPSK

3/8

fixed bit rate let BW change

fix Pe

253 254

255 256

257 258
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MFSK vs. MPSK

3/8

MPSK 2log  b/s/HzM  2
MFSK

log
 b/s/Hz

M

M
 

MFSK vs. MPSK

3/8

  2

0

2 log
MPSK 2 sinb

e

E M
P Q

N M

 
  

 
  02

non-coh

1
MFSK

2
bE N

eP e

MPSK vs. MFSK

• Power limited system
 System with little available power (Eb/N0)
 Solution: MFSK

• BW limited system
 System with little available bandwidth
 Solution: MPSK

Relative performance

MPSK 2log  b/s/HzM 

2
MFSK

log
 b/s/Hz

M

M
 

  2
2

0

MPSK 2 2sin logb
e

E
P Q M

N M

 
  

 

  02
non-coh

1
MFSK

2
bE N

eP e

MQAM 2log  b/s/HzM    2

0

2 3log
MQAM

1
b

e

EK M
P Q

M N M

 
   

spectral efficiency power efficiency

MPSK vs. MQAM

Modulation Power efficiency
(loss asympt.)

Spectral 
efficiency

BPSK 0 dB 1 b/s/Hz

QPSK 0 dB 2 b/s/Hz

8PSK 3.6 dB 3 b/s/Hz

16PSK 8.2 dB 4 b/s/Hz

16QAM 4 dB 4 b/s/Hz

64QAM 8.4 dB 6 b/s/Hz
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BPSK/QPSK

DPSK 8PSK
16QAM

16PSK

64QAM

Dedicated links

Phone links
1. Pour une ligne de téléphone nous utilisons 16QAM NON-rectangulaire avec une 

porteuse à 1700 Hz, un taux de transmission de symbole de R=2400 Hz, pour un 
taux binaire de 9600 b/s.  (C’est une version simplifiée de v.29 modem.)  Les 
coordonnées de la constellation dans l’espace I/Q sont  (1, 1)  (3, 3)  (0, 3)  
(3,0)  (0, 5)  (5,0) 

 

3

1 3

1

-1-3
-1

-3

5

-5

-5 5

 
Trouvez  

a. La probabilité d’erreur 
b. La bande de fréquence utilisée pour un filtrage idéal de Nyquist   
c. La bande de fréquence utilisée pour filtrage RC, r=.3 (largeur de bande en 

excès)   

SNR vs. Eb/N0

Topics covered, part 2

• Minimum spacing for M-FSK (Sec. 4.5.4)
• Spectral efficiency (Sec. 9.7, 9.7.1-9.7.6)
• SNR vs. Eb/N0 (Sec. 3.14, 3.15)
• Channel capacity (Sec. 9.4, 9.4.1)
• Spectral efficiency plan (Sec. 9.6)

265 266

267 268

269 270



46

SNR vs. 

• SNR
 average signal power divided by average 

noise power

S/N
• SNR standardized by bit



0bE N

0bE N

pp. 117, 226 
Sklar Eb vs. S

• Average energy per bit =
average signal power 

×
time for a bit

b b b bE ST S E T 

N0 vs. N

• noise power density =
average noise power 

divided by 
bandwidth

0 0N N BW N N BW  

SNR vs. 0bE N

0 0

0 0

0

1 1

1

b b b

b

b b b
b

b

S
SNR

N
E T E

N BW N T BW

E E R
R

N BW N BW

E
SNR

N




 


 

 

b bS E T

0N N BW 

SNR vs.            for MQAM/MPSK

2
0

10

log

10log

b
db db

db

db db

E
SNR M

N

SNR k

 

 

0bE N

2
0 0

log 2kb bE E
SNR M M

N N
   

Example 1

• Phone line with 35dB of SNR

• SER for 256 QAM?

271 272

273 274

275 276



47

Example 1

• Phone line with 35dB of SNR

• 256QAM  bit rate

•

• ideal pulse Nyquist, W=Rs

0 0

8b b b sE R E R
SNR

N W N W
 

bits
8

symboleb sR R 

10
0 0

35 10log 8 35 9 26dB
8

b bE ESNR

N N
      

Example 1

• Phone line with 35dB of SNR

• 256QAM  bit rate

•

• ideal Nyquist pulse, W=Rs

0 0

8b b b sE R E R
SNR

N W N W
 

bits
8

symboleb sR R 

10
0 0

35 10log 8 35 9 26dB
8

b bE ESNR

N N
      

Example 1

• Phone line with 35dB of SNR

• 256QAM  bit rate

•

• ideal Nyquist pulse, W=Rs

0 0

8b b b sE R E R
SNR

N W N W
 

bits
8

symboleb sR R 

10
0 0

35 10log 8 35 9 26dB
8

b bE ESNR

N N
      

Comparison

• Cost of enlarging the constellation

 QPSK 

 256QAM

 loss 

 min

6
2 2

3
d L   

 min

6 4 24 12
16 2

255 255 255
d L


   

10

12
10log 13.3 dB

255
 

loss in dB compared to QPSK

26 dB - 13.3 dB=12.7 dB

loss compared to QPSK

~10-9

12.7 dB
Example 1

• Direct calculation

  2

0

2 3log
MQAM

1
b

e

EK M
P Q

M N M

 
   

 
2

0

1 3log
2 1   

1
b

e

EM
P Q

M NM

           
Square QAM
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Direct calculation

~10-9

26 dB
Example 2

• Phone line with BW of 2400 Hz

• Bit rate for 256QAM?

Example 2

• Phone line with BW of 2400 Hz

• Maximum Rs (symbol rate) 
(ideal pulse)  

• 256QAM  bit rate

symboles
2400

secsR 

bits
8

symbole

19.2 kb/s

b sR R 



Channel capacity

Sections 9.4, 9.4.1, 9.5, 9.7, 
9.7.1-9.7.6

Topics covered, part 2

• Minimum spacing for M-FSK (Sec. 4.5.4)
• Spectral efficiency (Sec. 9.7, 9.7.1-9.7.6)
• SNR vs. Eb/N0 (Sec. 3.14, 3.15)
• Channel capacity (Sec. 9.4, 9.4.1)
• Spectral efficiency plan (Sec. 9.6)

Complexity …

• Three important criteria
 BER vs. Eb/N0

 Spectral efficiency
 Cost/complexity

• New approach to come
 error corrector codes
 is there a limit …

R

W
 
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Shannon's Law

• The channel capacity for signal-to-noise 
SNR and bandwidth W

• Ability to send C b/s with a Pe as small as 
you want…

 2log 1C W SNR 

 2log 1C W SNR 

•

 2log 1C W SNR 

•

W SNR

Alternative form

2 2
0 0

2
0

2 2
0 0

log 1 log 1

log 1

log 1 log 1b b

C R C R C R

C S S C

W WN CN W

S C

RN W

ST EC C

N W N W

  

   
      

   

 
  

 
   

      
   

border (transmissions are at maximum speed)

Alternative form

2 2
0 0

2
0

2 2
0 0

log 1 log 1

log 1

log 1 log 1b b

C R C R C R

C S S C

W WN CN W

S C

RN W

ST EC C

N W N W

  

   
      

   

 
  

 
   

      
   

border (transmissions are at maximum speed)

289 290

291 292

293 294
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Alternative form

2 2
0 0

2
0

2 2
0 0

log 1 log 1

log 1

log 1 log 1b b

C R C R C R

C S S C

W WN CN W

S C

RN W

ST EC C

N W N W

  

   
      

   

 
  

 
   

      
   

 
0

2 1C WbE W

N C
 

0

0 1.6 dBbC E

W N
  


0

 
0

2 1C WbE W

N C
 

Spectral efficiency plane
Section 9.5

GEL7114

Topics covered, part 2

• Minimum spacing for M-FSK (Sec. 4.5.4)
• Spectral efficiency (Sec. 9.7, 9.7.1-9.7.6)
• SNR vs. Eb/N0 (Sec. 3.14, 3.15)
• Channel capacity (Sec. 9.4, 9.4.1)
• Spectral efficiency plane (Sec. 9.6)

Spectral efficiency plane

• Visualization of spectral efficiency
• Visualization of the Shannon limit
• SER visualization 

295 296

297 298

299 300



51

Orthogonal
M-ary  

    2

0

log
1 b

e

E M
P M M Q

N

 
   

 

MPSK

301 302

303 304

305 306
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2017 midterm exam

Problem 2
Consider the graph of the “Spectral efficiency plane”. Find the 
coordinates of 16 QAM (square) and 8FSK (consistent) for an error 
probability of 10-6.

2011 midterm exam

Problem 2
Consider the graph of the “Spectral efficiency plane”.

I have developed a new LAR modulation system which is as spectrally 
efficient as MPSK. The penalty of 8LAR against QPSK is 5 dB, and the 
penalty of 16LAR against QPSK is 8 dB.

Find the coordinates of 8LAR and 16LAR for the “spectral efficiency 
plane” graph.

2014 midterm exam

Consider the graph of the "Spectral Efficiency Plane". 

Find the coordinates of 3PAM, 4PAM and 8PAM for a probability of error 
of 10-5

307 308

309 310

311


