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Equalization
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Equalization

 Sklar, Section 3.4, pp.149-161
 B. Sklar, "How I learned to love the trellis," in IEEE Signal 

Processing Magazine, vol. 20, no. 3, pp. 87-102, May 2003.
 R. E. Ziemer and W. H. Tranter, "Principles of 

Communications: Systems, Modulations, and Noise," 4th ed: John 
Wiley  & Sons, 2014, pp. 233-237, 455-466.

 G. Baudoin, "Radiocommunications numériques: principes, 
modélisation et simulation,"  Paris: Dunod, chapitre sur l’égalisation.
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MLSE
Maximum Likelihood Sequence Estimator
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Source of ISI BWchannel=.1BWsignal
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before filtering
after filtering

time

frequency

Intersymbol interference
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ML receiver
 Without ISI

 examine ONE symbol interval
 Choose the nearest one 
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ML receiver
 Without ISI

 examine ONE symbol interval
 Choose the nearest one 

 With ISI
 examine a symbol SEQUENCE
 sequence as long as the channel memory
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ML receiver
 Without ISI

 examine ONE symbol interval
 Choose the nearest one 

 With ISI
 examine a symbol SEQUENCE
 sequence as long as the channel memory
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decision is the 
entire sequence
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MLSE

 Maximum Likelihood Sequence Estimator
 Optimal

o Can eliminate ISI completely for some channels

 Extremely complex
o for each bit examine the possible MN sequences!

 Viterbi algorithm can help with complexity
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ML receiver with VA

 Comprehensive approach
 examine MN SÉQUENCES of symbols
 Choose the best - calculating NMN metrics each interval

 Viterbi approach 
 Use a trellis; trellis size determined by MN
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seule décision retenue

Recurrence to reduce complexity of operations - memory
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MLSE avec Viterbi

Convolutional Codes
 TX encoder introduces a correlation between bits
 RX decoder uses the Viterbi algorithm to exploit the 

correlation to correct errors

An ISI channel 
 introduces correlations between bits
 ISI is deterministic, not random
 MLSE can use the Viterbi algorithm to exploit 

correlation for better detection
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AWGN vs ISI

 AWGN is random
 the matched filter optimizes the SNR
 no filter can "predict" or "equalize" this noise

 ISI is deterministic
 The matched filter does not touch these effects
 filtering can improve ISI (an equalizer)
 MLSE is the optimal solution

o is not a filter
o is non-linear
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MLSE
Simulations and performance
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MLSE

 Channel knowledge required
 “encoder” if it were a FEC

Complexity of the Viterbi algorithm
o M points in the constellation
o Channel memory of L
o ML-1 states

Module 4 GEL7114 14

Butterworth Channel 

 MLSE completely 
eliminates the ISI
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Butterworth Channel 

 MLSE completely 
eliminates the ISI
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Example

Channel

 narrower than the 
signal

 large fades
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[0.227 0.460 0.688 0.460 0.227]

Example

Channel

Matlab
Eqberdemo
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Example

Channel

Matlab
Eqberdemo
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[0.227 0.460 0.688 0.460 0.227]

MLSE
Advantages
 Optimal
 Lower bound for other 

equalizers
 Can, sometimes, 

completely eliminate ISI

Disadvantages
 High complexity
 Output delayed
 Knowledge of channel

 Typically use a training 
sequence 

 Truncate the estimated 
impulse response to 
mitigate complexity
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Taxonomy
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Equalizers 

Sequence
MLSE
Suboptimal MLSE

Symbol – by – symbol (one shot)
 linear filtering
 feedback
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Symbol-by-symbol (one shot)

 Linear filtering
 Zero forcing equalizer (ZF)

o Find the inverse of the frequency response of the channel

 MMSE equalizer
o Minimize the quadratic error 

 Feedback
 Decision Feedback Equalizer (DFE)
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Linear vs. non-linear

Linear
 ZF
 MMSE

Non-linear
 MLSE
 DFE
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Fixed vs. adaptive

 Static channel 
 fixed equalizer is optimal

 Dynamic channel 
 DFE 
 adaptative versions  of ZF and MMSE

o LMS – minimizes quadratic error
o RLS – recursive solution
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Taxonomy

Module 4 GEL7114 26

MMSE
ZF
LMS
RLS

Frequency technique

DMT (OFDM)
 discrete multitone
 completely different strategy than filtering or 

MLSE
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Linear Equalizers 
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Intersymbol Interference

Pulse spreading   after propagation through a 
channel with insufficient bandwidth

 spreading of the pulse by the chromatic dispersion 
of an optical fiber

 overlayed impulses due to multiple reflections or 
paths
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Multipath

Multiple reflections
ISI due to reflections
delay spread >  symbol time
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Multipath

 Impulse response

 Overlapping bits 
 Generates intersymbol interference
 BER floor

 Example with two paths
 time for the second path  Ts
 second route attenuated
 memory: one symbol

o Four important bit patterns
o 00 01 10 11
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Tapped delay line

 Model for a multipath channel  
 Method to characterize the impulse response of a 

channel with ISI
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Linear equalizer

 Filter to correct the tapped delay line channel response
 Another tapped delay line !
 Choose filter coefficients to force zero ISI
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transverse 
filter

Linear Equalizers 
Zero Forcing
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 Input to the equalizer pc (après le channel)
 Output

 Force zero ISI

Zero ISI Criterion
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Vector notation 
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Vector notation 
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Vector notation 

For the right choice of {}
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Find {}
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Frequency domain 
interpretation

impulse response effective
 channel + equalizer
 Dirac delta function 

Effective frequency response 
 channel + equalizer
 flat spectrum – constant in frequency
 all-pass filter
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Analysis with  z transform

 Effect in the frequency domain
of the choice

 ZF filter frequency response is the inverse of the
channel

 Total effect is equivalent to a FLAT channel
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Analysis with  z transform
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Example

channel knowledge required
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Multipath channel

Complexity

Possible to reduce complexity
The cost is reduced performance 
Smaller reflections can be neglected
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Linear Equalizers 
Numerical example: Zero Forcing
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Example
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multipath channel

Example calculation
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Toeplitz matrix
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Find the filter …

Module 4 GEL7114 49

filter coefficientsknowledge of the channel

+ neglected terms
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Find the filter output

0.2 0.31

success
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Find the filter output

+ neglected terms

not suppressed with only 3 elements 
in the equalizer Linear Equalizers 

Performance: Zero Forcing
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Frequency domain
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Signal bandwidth B=1/2T

Noise level after equalizer

BPSK

AWGN noise
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level before equalizer
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AWGN noise

Signal bandwidth B=1/2T

BPSK

Module 4 GEL7114 55

signal-to-noise ratio 
penalty

Largueur de bande B=1/2T pour le signal

BPSK

AWGN
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1.78 dB noise 
enhancement

ZF equalizer and noise
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H(f) H-1(f)+

noise

Inverting the channel
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increased noise  in 
this frequency band

little signal 
energy here

ZF Equalizer
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H(f) H-1(f)+

noise

ZF Equalizer
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it is impossible to find an inverse;
noise severely increased 

55 56

57 58

59 60
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ZF Equalizer

Simple calculation
Simple structure
Effective for high SNR
 Ideal equalizer when 

there is no noise

Signal-to-noise 
penalty

Does not exist for 
some channels

Very high loss for 
some channels

Module 4 GEL7114 61

Linear Equalizers 
Examples: Zero Forcing
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Two views of the channel

frequency response

impulse response
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Two interpretations of ZF

réponse en fréquenceFind the channel inverse

force ISI to zero
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Performance

BER
ZF

channel

Module 4 GEL7114 65

Linear Equalizers 
MMSE

Module 4 GEL7114 66

61 62

63 64

65 66
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Alternative

Zero ISI is not a good strategy if the noise is 
too high

Criterion that takes into account the accuracy of 
the equalizer output

Minimum mean square error equalizer
 error minimized regardless of the cause of the error (noise or ISI)

 MMSE equalizer
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Linear equalizer

 Same structure as ZF equalizer 
 Different coefficients
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transversal 
filter

Linear equalizer

 Same structure as ZF equalizer 
 Different coefficients
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transversal 
filter

y(t)

z(t)
d(t)

ideal output

MMSE Criterion
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noise present

MMSE

Takes into account the presence of noise
Seeks coefficients that make the output closest 

to the ideal signal
Requires knowledge of data 
Transmission efficiency decreased by the use of 

a known data header (training sequence) 
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header data

MMSE Criterion
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noise present
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Correlation 

Module 4 GEL7114 73

Vector notation

Module 4 GEL7114 74

Autocorrelation

Module 4 GEL7114 75
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MMSE Solution 
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Wiener-Hopf
Equations

Linear Equalizers 
Examples : MMSE
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Calculation

Also needs to invert a matrix
MMSE: correlation matrixes
ZF: impulse response matrix

Minimal error

Module 4 GEL7114 78
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MMSE vs. ZF

channel

BER
ZFBER

MMSE
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Equalizer options

Time between samples

Typically =T symbol time 
 good  compromise complexity-improvement

Possible to have =T/n
 fractionally spaced equalizer
 good for reflections with delay < T
 good when the clock is inaccurate (presence of 

jitter)
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Another example

channel knowledge required
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multipath channel

MMSE filter

Coefficients

 = ½ and Eb /N0 = 10 dB

Module 4 GEL7114 82
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MMSE equalizer

Simple structure
Calculating correlation 

matrix
Exists for all channels
ZF equivalent for high 

SNR

Signal-to-noise 
penalty
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Taxonomy

MMSE
ZF
LMS
RLS

Linear Equalizers 
Adaptative version 

Module 4 GEL7114 86

Channel knowledge

 Series de measurements
 explicit channel estimate
 impulse response coefficients found
 good for static channels 
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Channel knowledge

 Series de measurements
 explicit channel estimate
 impulse response coefficients found
 good for static channels 

 Filter adaptation 
 implicit channel estimate
 filter coefficients found by adaptation

(not manipulation of impulse response coefficients)
 Known data needed for adaptation
 data-aided vs. decision-directed

Module 4 GEL7114 88

"Data-aided" adaptation

 Exploit a header to look for adaptive coefficients

 Essentially a technique to estimate the channel
 Important for channels that vary in time

 The coefficients must change with the channel…
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header data

header data header data header data header data

too inefficient for a fast-changing channel

i.e., training sequence 

header data header data

Decision-directed 
adaptation 

 Decision-directed
 Solution for updating coefficients


 Between arrivals of a header 
 coefficient adaptation proceeds, but using the receiver's 

decisions as "known data“
May be unstable 

 Vulnerable to a total loss of communications (outage)

Module 4 GEL7114 90

header data header
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Decision-directed adaptation 

Module 4 GEL7114 91

Equalizer

Adaptation
Non-linear equalizer
Decision Feedback (DFE)
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Decision Feedback Equalizer

 Feedback that makes the filter non-linear 
 Two filters at the receiver

 Adaptive filtering for equalizer
 Adaptive filtering to recreate the ISI
 Recreated ISI is exploited by the equalizer

 Distinction between decision-directed and decision-
feedback
 Decision-directed 

o RX decisions used for adaptation (as known data) 

 Decision-feedback 
o Decisions used to recreate and subtract ISI from the received signal
o Equalizer adaptation done with the majority of ISI removed
o More efficient for channels with severe distortion
o Effective even for channels with frequency nulls

Module 4 GEL7114 93

Decision Feedback Equalizer

Module 4 GEL7114 94

Decision Feedback Equalizer

Module 4 GEL7114 95

adaptive equalizeradaptive equalizer

Decision Feedback Equalizer
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decisions exploiteddecisions exploited
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Decision Feedback Equalizer

Module 4 GEL7114 97

ISI recreationISI recreation

Decision Feedback Equalizer
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feedbackfeedback

Performance 

channel

BER
MMSE
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BER
DFB

Example

 Simple and low complexity version
 Only one element in the feedback filter
 No equalizer 
 "one-tap equalizer"

 Eye diagram visualization   
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http://signal-integrity.blogs.keysight.com//wp-
content/uploads/2012/03/decision-feedback-
equalizer/decision-feedback-equalizer.html

Orthogonal frequency Division 
Multiplexing

OFDM

Module 4 GEL7114 101

Comparison

FDM frequency multiplexing
Typically for many users
Physically separated oscillators
Non-coherent detection

OFDM
Typically for a single user
Different symbol stream on each frequency

(but not different users)
Coherent detection 
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Practical FSK / FDM 

Module 4 GEL7114 103

Ch. 2 Ch. 3 Ch. 4 Ch. 5 Ch. 6 Ch. 7 Ch. 8 Ch. 9 Ch. 10Ch. 1

Saving of bandwidth

f

f

Conventional Multicarrier Technique

Orthogonal Multicarrier Modulation Technique

FDM vs. OFDM

Module 4 GEL7114 104

OFDM Spectrum

Module 4 GEL7114 105

FFT – key component

High-performance and inexpensive DSP
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Wireless channel 
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Transmitt
er

Receive
r

Dominant 
Reflector

Multipath
s

Local Scatterers

temps
….

temps

pulse

freq

to 
understand 
OFDM

Principles of operation
OFDM
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Intersymbol Interference 
(ISI)

Module 4 GEL7114 109

data recus

Multipath

Solutions
 Reduce the transmission rate

pas d’ISI, mais 
taux de 

transmission 
faible

Multipath

data transmis

 Equalization
 High complexity, performance can be improved

 Divide in several streams of reduced transmission rate
 Each stream at a different frequency - OFDM

Expand the symbol interval

Ts 5Ts3Ts 7Ts

f2

Module 4 GEL7114 110

f3
f4
f5
f6
f7
f8

f1

Time domain frequency domain

OFDM Modulation 

Module 4 GEL7114 111
frequency

X2 *

X1 *

X3 *

X4 *

+
Channel response

(multipath)

temps

freq

Tx Rx

Symbol

Y2

Y1

Y3

Y4

frequency

 Independent data for each 
frequency (or tone)  

 Fading attenuates a tone
 Orthogonality preserved despite 

fading


f5

Advanced modulations

 BPSK, QPSK, 16QAM, 64QAM
 Same bandwidth, higher binary rate for large M

f2
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f1

f3
f4

f6
f7
f8

QPSK  2 bits

QPSK  2 bits

QPSK  2 bits

QPSK  2 bits

QPSK  2 bits

QPSK  2 bits

QPSK  2 bits

QPSK  2 bits

16QAM  4 bits

16QAM  4 bits

16QAM  4 bits

16QAM  4 bits

16QAM  4 bits

16QAM  4 bits

16QAM  4 bits

16QAM  4 bits

OFDM

Divided signal frequency band 
 non-overlapping, independent sub-bands
 independent data for each sub-band

Spectrally effective (orthogonality)
Efficient implementation (FFT)
Compatible with QAM, M-PSK
Flexible - modifiable constellations
Avoids equalization 
Module 4 GEL7114 113

Mathematical 
manipulations
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FFT – key component

High-performance and inexpensive DSP


Module 4 GEL7114 115

Example: BPSK

Data 


Module 4 GEL7114 116

Role of the IFFT

frequency domain

time domain
Module 4 GEL7114 117

OFDM Spectrum

Module 4 GEL7114 118

OFDM time et frequency
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OFDM Implementation 
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OFDM Implementation 

Module 4 GEL7114 121

One-tap equalizer

OFDM with IFFT 
 One oscillator at TX
 Only one phase to track

 Channel effects

Module 4 GEL7114 122
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phase may vary with sub carrier
* coherent detection *

Tones
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phase of sub-carriers

phase of TX - channel

OFDM Modulation 

Module 4 GEL7114 124

frequency

frequency

TX RX

frequency

we can't improve ...
signal-noise ratio

from time to time you lose a sub-channel

FFT – key component

High-performance and inexpensive DSP
Compromise in the number of subcarriers
more carriers, more complex
the more carriers, the more ideal the sub-band is
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Peak-to-Average
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QAM & OFDM Modulation

QAM - variable symbol energy 
OFDM – sum of sinusoids

Module 4 GEL7114 127

X2 *

X1 *

X3 *

X4 *

porteuse

Y2

Y1

Y3

Y4

symbol

Signal in time
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average

Peak

OFDM Summary

Advantages of OFDM 
Robust against multipath
Less complex than equalization
Bandwidth efficient
Robust against narrowband interference 

Disadvantages of OFDM 
Sensitive to frequency errors
Sensitive to phase noise
Sensitive to timing errors
Large Peak-to-Average Power ratio

Module 4 GEL7114 129

...

20 MHz
20MHz OFDM channels in 5 GHz band

WiFi Standard 

 802.11a
ISM band (5 GHz, but also  2.4 GHz)
Several channels, each 20 MHz
Guard band to avoid interference

Module 4 GEL7114 130

DMT
Discrete multitone

Module 4 GEL7114 131

Optimization of OFDM

OFDM
Same power for each subcarrier
Same constellation for each subcarrier

DMT (Discrete multitone)
Optimize power and modulation choice for 

each subcarrier
Maximize channel capacity

Module 4 GEL7114 132
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OFDM Modulation 

Module 4

frequency

TX OFDM 

frequency

optimize the 
choice of 
modulation 

RX OFDM

QPSK
QPSK

QPSK QPSK

GEL7114 133

DMT Strategy 

Module 4

frequency

TX OFDM 

frequency

optimize the 
choice of 
modulation 

RX OFDM

QPSK
QPSK

QPSK QPSK

frequency

TX OFDM 

frequency

RX OFDM

16QAM
8QAM

QPSK BPSK

GEL7114 134

Another DMT strategy

Module 4 GEL7114 135

frequency

frequency

frequency

frequency

TX DMT RX DMT

optimize power 
choice per 
subcarrier

QPSK
QPSK

QPSK QPSK

QPSK
QPSK

QPSK QPSK same BER !

TX OFDM RX OFDM

Two optimizations

 For linear channels, but not flat
Choice 1
Probability of error Pb fixed
Find the maximum data rate subject to Pb

Choice 2
Data rate Rb fixed
Find the probability of minimum error to reach Rb
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Maximizing the data rate 
Rb

Narrow spacing
 Flat channel for a subcarrier
 Each channel at the receiver

o Response Hj & Noise Nj
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 ni bits in the constellation for carrier i

Transmission rate

Total power divided & allocated to subcarriers
 Power Pj

 Find {Pj} that maximizes Rb and meets error 
target

Subcarrier modulation
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Solution

Seek an equal probability of error for all carriers
Channel frequency response is non-flat
Noise is flat

Module 4 GEL7114 139

signal to noise ratio 
varies across subcarriers

Solution

 Let’s flip the frequency response upside down
Now we can think of the noise-to-signal ratio
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 Let’s flip the frequency response upside down
Now we can think of the noise-to-signal ratio

 “waterfilling” approach

Solution
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Solution

Subcarriers with less signal strength get more 
power

Keep pouring until out of water
Some subcarriers may get no power

 “waterfilling” approach
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Two optimizations

The channel is linear, but not flat
Choice 1
Probability of error Pb fixed
Find the maximum data rate to reach Pb

Choice 2
Data rate Rb fixed
Find the probability of minimum error to reach Rb
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 ni bits in the constellation for carrier i

Fixed total rate

Total power divided & allocated to subcarriers
 Power Pj

 Find the {Pj} that meets Rb and minimizes 
error

Subcarrier modulation
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Example

Allocation BITs and POWER

Module 4 GEL7114 145
Nishihara, Masato, et al. "Impact of modulator chirp in 100 Gbps class optical discrete multi-tone transmission 
system." SPIE OPTO. International Society for Optics and Photonics, 2013.

Nishihara, Masato, et al. "Impact of modulator chirp in 100 Gbps class optical discrete multi-tone transmission 
system." SPIE OPTO. International Society for Optics and Photonics, 2013.

Compensating the Freq Resp
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f5

DMT approach

 BPSK, QPSK, 16QAM, etc.
 variable binary rate depending on the channel

f2
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f1

f3
f4

f6
f7
f8

QPSK   2 bits

16QAM  4 bits 
bits16QAM  4 bits

QPSK   2 bits

8QAM   3 bits

32QAM  5 bits

QPSK   2 bits

QPSK   2 bits

OFDM vs. DMT

OFDM
Equal powers
Equal # bits 

DMT
Adapted to the channel
Power allocated per subcarrier
Bits allocated per subcarrier
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Questions on 
comprehension
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 Contrast the ZF and MMSE equalizers in terms of
 structure and implementation, 
 existence of an adaptive version, and 
 use of channel knowledge and/or training sequence.
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 Explain how channel properties influence the structure of the 
ZF and the MMSE equalizer. That is, through what 
mechanism does a ZF equalizer change for one channel 
versus another? Same question for MMSE equalizer.
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What is the optimal equalizer for a channel with intersymbol interference?

 What is the optimal equalizer for a channel with intersymbol 
interference?
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 Consider a modulation with M symbols in the constellation. 
Suppose the channel has a memory of L symbols. How does 
complexity of the brute force calculation of the optimal 
equalizer grow? How does the Viterbi algorithm complexity 
compare to the brute force calculation of the optimal 
equalizer?
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 Describe how the ZF equalizer varies for a static versus a 
dynamic channel. 

 Suppose 1,000 symbols are needed to estimate the channel. 
Propose a strategy for BPSK 1 kb/s transmission using a ZF 
equalizer over a channel that is 

a) stable and unchanging on an hourly basis, 
b) changes every .1 sec, 
c) changes every .01 sec, 
d) changes every .0001 sec
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 Describe the difference between a date-aided versus a 
decision-directed adaptive MSME equalizer. For the following 
respond a) date-aided, b) dated-directed, or c) not practical. 
16QAM modulation for 1 kbs over a channel that 

a) changes every .1 sec, 
b) changes every .01 sec, 
c) changes every . 0001 sec
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 Label the following curves 
 the minimum mean squared error equalizer,
 theoretical BER without ISI, 
 the ZF equalizer, 
 the maximum likelihood sequence estimator 
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 What frequency domain features of the channel would make 
a zero forcing equalizer less attractive than other equalizers? 
Justify your response.
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 Give a sketch of the block diagram of a decision-directed zero 
forcing equalizer.
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 Explain how DMT and OFDM differ and how they are similar.
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 What are the two parameters that can be varied for each 
subcarrier in DMT? 
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 Explain the waterfilling analogy for DMT.
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 How does the number of subcarriers affect the performance 
of DMT or OFDM? 
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 Why does DMT seek to have the same BER on all subcarriers?  
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 Interpret the following plot of the bit allocation of a DMT 
solution. 

 Give a sketch of the likely frequency response that led to this 
bit allocation. 
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Which would be more likely to have BPSK assigned?   Defend your answer.  

 Which of the following subcarriers would be more likely to be assigned 
16QAM in a DMT system? 

 Which would be more likely to have BPSK assigned? 
 Would the weakest carrier be more likely to

 have the most power assigned to it, 
 have zero power assigned to it, or 
 could have either zero, the most or another value of power assigned to it.

 Justify your response.
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 How does OFDM avoid ISI?
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 How is VLSI used in an OFDM transceiver?
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 Assuming the same transmission rate, why is OFDM better 
than BPSK for a multipath channel?
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What is the order of 
OFDM processes :

 Adding cyclic prefix
 Decoding
 Demodulation
 Encoding
 FFT
 IFFT
Modulation
 Removing cyclic prefix
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