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Topics covered

• Time coding and orthogonal codes 
(Sec. 6.1-6.1.3.1)

• Channel models, parity, code rate and 
redundancy 
(Sec. 6.3.1-6.3.3)

• Forward error correction (Sec. 6.3.4)
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Coding

• To improve Pe

Accept expansion in bandwidth
Orthogonal, bi orthogonal, simplex

• To detect errors
Parity and retransmission

• To correct errors
Block codes
Convolutional codes
The best codes minimize  bandwidth expansion
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• Block encoder
• Block of k data bits enter
Block of n coded bits exit

• Code redundancy 

• Code rate

• Bandwidth expansion

Code rate
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Hadamard Modulation
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Orthogonal Hadamard Modulation  
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Cross correlation

• Piece-wise constant
that is, just +1 et -1

# bits same = # bits differents for Hadamard
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Orthogonal Hadamard Modulation 

• Improved performance 

• BW inefficient 
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• Hadamard matrices

• Binary case

First row 0  0  for logical zero
Second row 0  1  for logical one
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Orthogonal codes
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Hadamard Matrices

• For any pair of rows
 #bits different = #bits same
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Probability of error

• Orthogonal Codes

symbol error probabilityeP 
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Performance
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parity
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Parity

• Identify errors, but do not correct them 
…

• Even and odd parity
• Rate  k/k+1

 Detects an odd number of errors
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Probability

• How many positions for j errors in a block 
of n bits

• Probability of j errors in n bits

• Probability of missing an error
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Vertical and horizontal parity

• Two-dimensional parity, block of MN bits
• Add a bit to each row and column

 Rate

 Error correction
possible

Module 5
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Forward error correction 
(FEC)
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Performance
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Performance
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Compromise:
less Power, 
but less bandwidth 
efficient  



Performance
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Compromise:
less Power, 
but less bandwidth 
efficient  

coding gain



Performance
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Compromise:
less Power, 
but less bandwidth 
efficient  

DF with R

FE with BW



???
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How can coding 
make performance 
worse???

FEC limit



Example

•
• Code (15,11) corrects 1 error per block
• Bandwidth expansion

• BER improvement??? 
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Errors in a block

• Probability to have AT LEAST one error in k bits, 
without coding
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BW Expansion  

• Bandwidth expansion has an impact on average 
energy per bit

•

• Our example

Module 5 GEL7114 27

0 0

C BE E k

N N n


10
0

11
9.6 dB 10log 8.3 dB=6.69

15
CE

N
  



After error correction

• BER for coded block

• BER worsened before starting the correction 
process…

• A block with a single error will be corrected, but 
not others blocks

• Our example
•
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• Yes!
• In a block of 11 bits …

• Improvement of 60× for 36% expansion of BW

Coding gain?
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We were there

What if we were here?
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this probability would 
have been terrible
this probability would 
have been terrible

that would result in a 
deterioration, not an 
improvement…

that would result in a 
deterioration, not an 
improvement…
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Topics covered

• Convolutional encoding (Sec. 7.1)
• Representation of encoders (Sec. 7.2)
• The decoding algorithm (Sec. 7.3)
• Properties of convolutional codes (Sec. 7.4)



Block vs. convolutional coding

• Same code rate  k/n

• Block coding
 isolated and independent block
 no "memory" from one block to another

• Convolutional encoding
 continuously encoded data
 memory of K-1 blocks of k bits
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Constraint length 
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Convolutional encoders

• Block diagram of shift registers
• Connection vectors and polynomials interpretation
• Impulse response
• State diagram
• Tree representation
• Trellis representation
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Why …

• Physical implementations
• Mathematical manipulations
• Time behavior



Block diagram of shift registers

• k  K registers
• Blocks of k symbols enter and blocks of n

symbols come out of the encoder
• Output a symbol function at the input
• Interconnections of shift registers 

determine the function
• We examine the case k=1
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Connection vectors, 
polynomial interpretation

• The interconnections of the shift registers 
determines the code

• Let us use a vector of length k  K to 
specify the interconnections for each of 
the output symbols
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Exemple: k=1, n=2, K=3
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Initialization

• Output is a function of the original state
• Typically assume that the registers are 

empty (0) to begin with
• Example : send message m=101
 preceded by zeros
 followed by zeroes
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0010100
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Impulse response and 
polynomial form
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1 1 1 0 1 1

Impulse response
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Impulse response
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Linearity
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Polynomial multiplication

m=101
m(X)=1+X2
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Polynomial multiplication

m=101
m(X)=1+X2
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Polynomial multiplication

m=101
m(X)=1+X2
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Polynomial multiplication

m=101
m(X)=1+X2
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Convolutional encoders

• Block diagram of shift registers
• Connection vectors and polynomials interpretation
• Impulse response
• State diagram
• Tree representation
• Trellis representation
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Finite state machine
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Finite state machine

• The output at time t is a function of the 
contents of the registers
“The state of the registers” 

• Encoding is the transition from one state 
to another state 

• The number of states is finite
• Finite state machine
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State diagram 
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State diagram 

• Fix the 2K-1 states
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State diagram 

• Fix the 2K-1 states
• Establish valid 

transitions
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State diagram 

• Fix the 2K-1 states
• Establish valid 

transitions 
• Generate codes for 

each transition
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Exemple

• Let's start at the state b


• Next bit 0
 Next state

• Output






 1 0r  

 0 1 0r 

1 1 2 3 0 1 0 1u r r r      

2 1 3 0 0 0u r r    

 0 1r  
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State a
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Input: 1
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Output:  11
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State:  b = 10
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State:  b = 10
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Input:  1
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Output:  01
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State:  d = 11
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State:  d = 11
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Input:  0
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Output:  01
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State:  c = 01



Module 5 GEL7114 74

State:  c = 01
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Input:  1
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Output:  00
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State:  b = 10
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State:  b = 10
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Input:  1
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Output:  01
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Tree and trellis
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Tree diagram

• Same principle as state 
diagram

• We can keep the behavior in 
time

• Input bit zero - go up
• Input bit one - go down
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Trellis vs. tree

• Similar display that retains information 
about temporal behavior

• Trellis more compact than the tree
• Very important for decoding
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Treillis
states

valid transitions

output
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Treillis
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Treillis
data 1

output11
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Treillis
data 1

output11

1

01

0

01

1

00

1

01

a=00

b=10

c=01

d=11
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Decoding …
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Topics covered

• Convolutional encoding (Sec. 7.1)
• Representation of encoders (Sec. 7.2)
• The decoding algorithm (Sec. 7.3)
• Properties of convolutional codes (Sec. 7.4)
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Decisions

• Hard decisions
 decisions coming from a finite set
 e.g. binary 1 or -1
 no information about confidence in the decision ...

• Soft decisions
 Continuous decisions
 For binary modulation .3 or -.9 instead of 1, -1
 Keep information about confidence in the decision ...
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Soft v. Hard Decisions
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Two metrics dist(zi,ui)

• Hamming distance
For hard decisions



• Euclidian distance
For soft decisions



 , #  of differents bitsi idist z u 

     2 2

,1 ,1 , ,, T
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Binary Symmetric Channel
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Decoding

• Correlation introduced between the code words
• Decoder must exploit this correlation
• Maximum Likely Detector (ML) is a 

Maximum likelihood sequence estimation (MLSE)
• Effective algorithm for MLSE: Viterbi
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Branch metrics
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m = 1     1      0     1      1        



Module 5 GEL7114 101

output11 01 01 00 01
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Path choice
1000 0+2+1+1=4

0

2

1

1 4

1100

0+0+0+1=1

0

0 0

1

1
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Path choice

4

1100            surviving path

1

<
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Example in Sklar
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4
3

Focus: endpoint - where 
does the path come from?

Losing path removed
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4
3

Focus: the endpoint -
where does the path come 
from?
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Convergence
merge

Forcing convergence after a
truncation length
trace back length 
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4

11

upper path

lower path

surviving path
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3

3

Arbitrary 
Choice
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Complexity and 
minimum distance
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Complexity

• Operations
Add-compare-select (ACS)

• Memory
h – maximum length of a path

 force a convergence (merge)

 typically 4 or 5 × the constraint length K

h2K-1

path length × # of states
 bit sequence for each path

2K-1 path metrics 
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Final exam 2006
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Distance between code words

• We are still talking about codeword sequences for 
convolutional codes.

• Consider all possible sequences, and the distance 
between each pair

• Minimum distance 
minimum among all pairs of sequences

• Linear code 
minimum distance between zero paths and other 

sequences is equivalent
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Minimum distance

• Procedure
1. Starts in state a
2. Finish in state a
3. Smallest distance 

length = free distance

• The minimum distance is a measure of the 
code's ability to correct an erroneous path 
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2
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t
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5

1 0 0

Free distance : 5
df=5
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1 1 0 0

Exemple
6
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1 1 1 0 0

Exemple
7
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1 0 1 0 0

Exemple
6
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1 0 0

Free distance : 5
df=5
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Definitions and coding gain
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Definitions

• Systematic code
Data readable in code

• Cyclical code
Each code word is a cyclic rotation of another code 

word
• Catastrophic code
Code where finite # of errors in the code can 

generate an infinite # of errors in the data
• Perfect code


1

2
fd

t

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Systematic codes

• Less efficient than 
non-systematic 
codes for 
convolutional codes
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Possible gain 1010log frd
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Gain for given SNR

AWGN

code rate
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BER vs. Eb/N0, rate ½, 
coherent BPSK, BSC, Viterbi hard 
decision, 32-bit path memory

BER

• Fixed rate, therefore 
fixed bandwidth

• BER improved by 
adding complexity in 
the decoder
Memory
Number of calculations 

per symbol
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Optimal codes

• Exhaustive research
• Eliminate catastrophic 

codes
• Minimize
Free distance df

# Paths @ df

# Paths @ df+1

# Paths @ df+2, etc.
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Typical values

• Decisions
Hard
Soft with 3 quantization bits

• Constraint length : 3  K  9
• Code rate : r  1/3
• Maximum path : h  5K
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Chapter 8

• Reed-Solomon code
Cyclic code, non-binary
Maximum free distance
Very strong against « burst » noise

• Interleaving
• Concatenated codes
Two levels of coding
Example: audio CD

• Turbo codes
Decoding that exploits concatenated codes



Shannon Capacity
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Shannon's Law

• The capacity of a channel with signal-to-
noise ratio SNR and bandwidth W

• Ability to send C b/s with as small a Pe as 
you want…
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Alternative form
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Linear scale
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Exemple QPSK

Module 5 140

-5 0 5 10 15 20
0

1

2

3

4

5

6

7

8

E
b
/N

0
 (in dB)

S
pe

ct
ra

l E
ff

ic
ie

nc
y

Shannon Capacity

 
0

2 1C WbE W

N C
 

QPSK, 
no coding

GEL7114

QPSK, 
codage r=½



Exemple –
Digital Video Broadcast
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DVB-S2

• Satellite video
• Concatenated codes
BCH (32400,32208) & LDPC (64800,32400)
Interleaving 

• Example Matlab demo
QPSK & coding rate ½

• Close to Shannon limit
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distance to Shannon limit < 1 dB

Coding gain > 10dB @10-6

FEC limit very high: .05
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Matlab demo
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Very low SNR
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DEMO MATLAB
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Encoding
Example r=1/3, K=3
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Encoder

K=3
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Encoder

g1=[1 0 0]=4 hex

g2=[1 1 0]=6 hex

g3=[1 1 1]=5 hex

r=1/3
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Encoder

g1=[1 0 0]=4 hex

g2=[1 1 0]=6 hex

g3=[1 1 1]=7 hex
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Encoder

00

10

01

11

000

001
110

01
0

101

111

100

011

K=3
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Encoder

00

10

01

11

000

001
110

01
0

101

111

100

011
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00

10

01

11

000

001
110

01
0

101

111

100

011

Trellis encoder
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All possible transitions

01
0

111

111

111

111

01
0

k=1

n=3

K=3
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All possible transitions

01
0

111

111

111

111

01
0

k=1

n=3

K=3
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Encoder

01
0

111

111

111

111

01
0

k=1

n=3

K=3
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Minimum distance

01
0

111

111

111

111

01
0

• Distance to 
zero that is 
minimal

• d=6
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Example - Encoding

• Code 

000

• Data

000 =

00 00

0 1 2 3 4

00

10

01

11

000

registers
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Exemple - encodage

• Code 

000111

• Data

(00)01 =

00 00 10
111

registers
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Exemple - encodage

• Code 

000111011

• Data

(00)010 =

00 00 10 01
111

011

registers



Module 5 GEL7114 162

Exemple - encodage

• Code 

000111011001

• Data

(00)0100 =

00 00 10 01 00
111

011

001
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Hamming Weight

01
0

111

•Code 

111-100-010-110
• Data
001101 
• Weight  

= # of ones

= 7
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Hamming Weight

01
0

111

• Code 

111100010110

• Weight  

= # of ones

= 7

• Distance to 
zero

•
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Decoding Viterbi algorithm
Exemple r=1/3, K=3

GEL7114
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Two transmission errors

• Data (00)0100
• Sent codes 000-111-011-001
• Received codes 001-110-011-001
• Data (00)0100
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Step one
0 1 2 3 4

00

10

01

11

Known 
original 
condition

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step one
0 1 2 3 4

00

10

01

11
001

Received code

Sent codes       000-111-011-001
Received codes 001-110-011-001

Known 
original 
condition
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Step one

111

00

10

01

11

000

001
110

01
0

101

111

100

011

Sent codes       000-111-011-001
Received codes 001-110-011-001

Formulate 
possible 
transitions
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Step one

111

Calculate 
distances to 
the received 
code

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step one
Sent codes       000-111-011-001
Received codes 001-110-011-001

Save the 
paths and 
their distance 
in memory
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Step two

Received code

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step two

111

Received code

00

10

01

11

000

001
110

01
0

101

111

100

011

Sent codes       000-111-011-001
Received codes 001-110-011-001

Formulate 
possible 
transitions
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Step two

1

Received code

Calculate 
local 
distances

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step two

1Calculate 
distances to 
the received 
code

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step two

1Save the 
paths and 
their distance 
in memory

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step three

Received code

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step three

001

01
0

111

Formulate 
possible 
transitions
00

10

01

11

000

001
110

01
0

101

111

100

011

Sent codes       000-111-011-001
Received codes 001-110-011-001

Received code
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Step three

1

1

1Calculate
local 
distances

Sent codes       000-111-011-001
Received codes 001-110-011-001

Received code



Module 5 GEL7114 180

Step three

1

1

1Calculate 
global 
distances

high low

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step three

1
1Choose the 

paths with 
the smallest 
distance

high low

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step three
0 1 2 3 4

00

10

01

11

000

101

111

011

001 110 011

(5)

(4)

(2)

(5)

(5)

(6)

(4)

(5)

Choose by 
chance when 
the distances 
are the same

high low

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step three

111

111

111

Save the 
paths and 
their distance 
in memory

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step four
Sent codes       000-111-011-001
Received codes 001-110-011-001

Received code
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Step four
111

001

01
0

Formulate 
possible 
transitions

00

10

01

11

000

001
110

01
0

101

111

100

011

Sent codes       000-111-011-001
Received codes 001-110-011-001

Received code
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Step four
2

0

2

Calculate 
local 
distances

Sent codes       000-111-011-001
Received codes 001-110-011-001

Received code



Module 5 GEL7114 187

Step four
2

0

2

Calculate 
global 
distances

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step four

2

0

2

Calculate 
global 
distances

high low

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step four

0

high low

Choose 
the paths 
with the 
smallest 
distance

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Step four

Save the 
paths and 
their 
distance 
in 
memory

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Final step

Choose
the 
smallest
path

Sent codes       000-111-011-001
Received codes 001-110-011-001
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Final step

Two 
errors 
corrected

Sent codes  
Received codes

000 111 011 001
001 110 011 001
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Final step

Two 
errors 
corrected

Données 0 1 0 000



Module 5 GEL7114 194

Animation - Viterbi


